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THE OCTOBER MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


Tue one hundred and fifty-fifth regular meeting of the 
Society was held in New York City on Saturday, October 28, 
extending through the usual morning and afternoon sessions. 
The attendance included the following thirty-five members: 

Professor W. J. Berry, Professor G. D. Birkhoff, Professor 
G. A. Bliss, Professor E. W. Brown, Professor B. H. Camp, 
Professor F. N. Cole, Dr. G. M. Conwell, Dr. H. B. Curtis, 
Dr. L. L. Dines, Professor L. P. Eisenhart, Professor H. B. 
Fine, Professor T. S. Fiske, Professor W. B. Fite, Professor 
W. A. Garrison, Professor C. C. Grove, Professor E. V. Hunt- 
ington, Mr. S. A. Joffe, Professor Edward Kasner, Professor 
C. J. Keyser, Dr. N. J. Lennes, Professor James Maclay, 
Dr. Emilie N. Martin, Dr. H. H. Mitchell, Dr. Anna J. Pell, 
Dr. H. W. Reddick, Professor R. G. D. Richardson, Miss 
S. F. Richardson, Professor Paul Saurel, Mr. L. P. Siceloff, 
Professor P. F. Smith, Professor H. D. Thompson, Dr. M. O. 
Tripp, Professor Oswald Veblen, Mr. H. E. Webb, Miss E. C. 
Williams. 

President Fine occupied the chair at the two sessions. The 
Council announced the election of the following persons to 
membership in the Society: Professor T. B. Ashcraft, Colby 
College; Professor Clara L. Bacon, Goucher College; Professor 
J. M. Davis, State University of Kentucky; Professor W. C. 
Eells, Whitworth College; Dr. J. L. Jones, Yale University; 
Professor F. C. Kent, University of Oklahoma; Professor L. C. 
Plant, University of Montana; Mr. R. E. Powers, Denver, 
Colo.; Mr. T. M. Simpson, University of Wisconsin; Professor 
Evan Thomas, University of Vermont; Professor H. C. Wolff, 
University of Wisconsin; Mr. W. A. Zehring, Purdue University. 
Nine applications for membership in the Society were received. 

A list of nominations for officers and other members of the 
Council, to be placed on the official ballot for the annual meeting, 
was adopted. Committees were appointed to make arrange- 
ments for the summer meeting of the Society at the University 
of Pennsylvania, in 1912, and to audit the Treasurer’s accounts. 
The invitation of the University of Wisconsin to hold the summer 
meeting and colloquium at that University in 1913 was accepted. 
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A committee consisting of President Fine as chairman and 
Professors E. W. Brown, C. J. Keyser, E. H. Moore, W. F. 
Osgood, and E. B. Van Vleck was appointed to consider and 
report to the Council a plan for placing the business of the 
Society on a permanent basis. It was decided to change the 
form of the Annual Register by omitting in the personal entries 
all mention of membership in other organizations. 


The following papers were read at this meeting: 

(1) Mr. A. R. Scuwerrzer: “On a functional equation.” 

(2) Professor E. V. Huntrncton: “A new approach to the 
theory of relativity.” 

(3) Mr. L. P. SiceLtorr: “Simple groups from order 2,001 
to order 3,640.” 

(4) Dr. H. H. Mircuet.: “ Determination of the quaternary 
linear groups by geometrical methods.” 

(5) Professor G. A. Buiss: “A new proof of the existence 
theorem for implicit functions.” 

(6) Mr. R. E. Powers: “The tenth perfect number.” 

(7) Professor E. W. Brown: “On the summation of a certain 
triply infinite series.” 

(8) Dr. L. L. Dives: “On the highest common factor of a 
system of polynomials.” 

(9) Professor R. D. CarmicuaE.: “Fundamental properties 
of a reduced residue system mod m.” 

(10) Professor R. D. CarmicuaEL: “A generalization of 
Cauchy’s functional equation.” 

(11) Professor R. D. CarmicHaE.: “On composite numbers 
P which satisfy the Fermat congruence a’~' = 1 mod P.” 

(12) Professor Epwarp Kasner: “ Differential invariants 
of infinite order.” 

(13) Professor B. H. Camp: “Series of Laplace’s functions.” 

(14) Dr. N. J. Lennes: “A new proof that a Jordan curve 
separates a plane.” 

In the absence of the authors the papers of Mr. Schweitzer, 
Mr. Powers, and Professor Carmichael were read by title. 
Abstracts of the papers follow below. The abstracts are num- 
bered to correspond to the titles in the list above. 


1. Mr. Schweitzer proves the following theorem: 

Let u= (2,2), v= do(2,y) and w= ¢(y, z); then if 
¢(u, v) = w, there exists a function x such that x(v) = x(z) 
—x(y). Asimilar result is valid in case of the relation ¢(u, w)=v. 
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The method of proof is analogous to that of Abel * and Stickel ¢ 
who show (in effect) that if ¢(y, uw) = ¢(z, ») = ¢(2, w), then 
there exists a function x such that x(v) = x(x) + x(y). 


2. The theory of relativity as developed by Einstein { is 
usually supposed to involve a radical modification, not only 
of our conception of the ether, but also of our fundamental 
notions concerning space and time; and the discussion of the 
so-called “paradoxes of relativity” has often led beyond the 
safe ground of mathematical deduction into the realm of meta- 
physical speculation. 

The purpose of Professor Huntington’s article is to show that 
the famous “transformation equations,” which stand at the 
center of the theory, can be easily deduced from simple con- 
ventions in regard to the setting of clocks and the laying out of 
coordinate systems, without any conflict with our ordinary 
conception of the ether, or with our ordinary notions of space 
and time, thereby freeing the theory from the least appearance 
of paradox. 

The method pursued is in some sense a return to the point of 
view of Lorentz,§ who retained the concept of the ether as his 
starting point, and never abandoned our ordinary notions of 
time and space; and the transformation equations here ob- 
tained resemble the equations of Lorentz in being slightly more 
general than those of Einstein. Lorentz’s method of deducing 
these equations, however, involves a large and difficult part of 
the modern electromagnetic theory, while the method here 
adopted depends only on the most elementary considerations. 

The present article is purely expository, and does not attempt 
any critical or historical discussion. || 


3. In this paper Mr. Siceloff continues the search for new 
simple groups of low order. He finds that the only orders of 
simple groups between 2,001 and 3, 640 | are e those already well- 


. Crelle’s Journal, vol. 1 (1826), p. 11. 

| Zeitschrift fir Mathematik und Physik, vol. 42 (1897), p. 323. 

tA. Einstein, “Zur Elektrodynamik bewegter K6rper,’’ Annalen der 
Physik, ser. 4, vol. 17 (1905), pp. 891-921. 

§ H. A. Lorentz, Versuch einer Theorie der elektrischen und optischen 
Erscheinungen in bew. egten K6érpern, Leiden, 1895. Neudruck, Leipzig, 
1906. Also, The Theory of Electrons (Columbia University’ lectures, 
1906), Leipzig, 1909. 

|| For an extensive bibliography of the theory of relativity, the reader is 
referred to an article by J. Laub, in the Jahrbuch der Radioaktivitat und 
Elektronik, vol. 7 (1910), December, p. 405. 
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known, viz., 2,520 and 3,420. Whether there is a second simple 
group of order 2,520 has not been determined. The results are 
based chiefly on the study of the Sylow subgroups. 


4. A complete enumeration of all primitive collineation 
groups in ordinary space of three dimensions has been given by 
Blichfeldt (Mathematische Annalen, 1905). This was done 
primarily by algebraic methods and involved the use of theorems 
concerning the irreducibility of equations containing roots of 
unity. It is the purpose of Dr. Mitchell’s paper to determine 
these groups by geometrical methods and in such a way as to 
determine also the quaternary groups where the coefficients 
of the transformations are marks of the GF(p”), but the order 
of the group is not divisible by the prime modulus p. Properties 
of the linear complex are found to be of much service in the 
solution of the problem. 


5. The paper of Professor Bliss has to do with the solution 
of a system of equations of the form 


Silas, Ys Ys Yn) =O 1,2,---,n). 


The theorem stating the existence of a set of solutions of the 
form 
= y(n, 22; Dm) 1, 2, 


for these equations is an old one, but in the well-known proofs 
of it a single equation is usually considered first, and then the 
proof is made for a system of equations by applying the prin- 
ciple of mathematical induction. In the present paper a proof 
is given which seems relatively simple, and which applies with 
equal convenience to either one or more equations. 


6. The composition of Mersenne’s numbers 2? — 1, pa prime, 
is known for all values of p not exceeding 100 with the exception 
of p= 89. E. Lucas, in volume 1 (1878) of the American 
Journal of Mathematics, proved the following theorem: “If 
N = 2*«*! — |, and if we form the series of residues (modulo 
N) 4, 14, 194, ---, each of which is equal to the square of the 
preceding, diminished by two units, the number N is prime if 
the first residue 0 lies between the 2gth and the (4q¢+ 1)th 
term.” Mr. Powers shows that for 4q¢-+ 1 = 89 the 88th term 
of the foregoing series is 0 (first 0); hence 2° — 1 is a prime 
number, and 2%(2% — 1) is the tenth perfect number. 
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7. In the expansion of Hill’s infinite determinant there 
occurs a term which is equivalent to 


where each of the six factors is obtained by giving 7 the proper 
value in 1/{j}= a?— 7”. Here @ is unequal to any integer, 
i takes all integral values from + 2% to —«, and k, fk’ all 
integral values from 2 to ©. Hill gives the value with but 
slight indication of the method by which he obtained it. Pro- 


fessor Brown shows how it may be obtained without great labor, 
and is thus able to verify Hill’s result. 


8. In a paper before the Chicago meeting of the Society in 
April, Dr. Dines considered the conditions characterizing the 
existence of a common factor of first or higher degree of a system 
of n polynomials in one variable. It was found that, if a certain 
restriction be made upon the coefficients, then necessary and 
sufficient conditions can be stated in terms of the vanishing of 
n — 1 determinants. 

In the present paper, a matrix is constructed whose elements 
are the coefficients of the given polynomials arranged according 
to a simple rule, and which for n = 2 reduces to the matrix 
of the well known Sylvester resultant of two polynomials. 
This matrix possesses the following properties: 

(1) The vanishing of the matrix constitutes necessary and 
sufficient conditions for the existence of a common factor of 
first or higher degree. (A matrix of » rows and y» columns, 
p=, is said to vanish when every determinant of order yp of 
the matrix vanishes.) 

(2) The degree of the highest common factor of the system 
of polynomials can be stated in terms of the rank of the matrix. 

(3) The coefficients of the highest common factor are deter- 
minants of the matrix, easily characterized. 

(4) There are always n— 1 determinants of the matrix 
whose vanishing is equivalent to the vanishing of the matrix. 


9. The most important example of an abelian group is 
furnished by the ¢(m) integers of a reduced residue system mod 
m, the operation of combination being multiplication and re- 
duction mod m. In the present paper Professor Carmichael 
determines the invariants of such a group and gives a method 
for constructing all groups of this class having the same in- 
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variants as a given group of the class. In this way all groups 
of the class, simply isomorphic with a given one, are determined. 
Let us define \(m) as the greatest exponent to which any ele- 
ment of the reduced residue system mod m belongs. A method 
is given for finding every x such that d(x) = A(m), and in- 
cidentally for finding every x such that g(x) = g(m). The 
paper closes with a table giving all possible solutions of A(x) = a 
for every possible value of a up to a = 24. The solutions are 
separated into sets according to the type of group defined by 
the corresponding reduced residue system. In each case the 
invariants of the group are given. 


10. The nature of the generalization of Cauchy’s functional 
equations effected in Professor Carmichael’s second paper 
is indicated by the following theorem: If @ is any positive 
or negative quantity and wu, is any function of z capable of 
assuming at least once each value in the set 


2*na (n,s = 0,1,2,---; n= 2°), 


then the most general function f(z) which is continuous on 
the interval (0, a) and satisfies the functional equation 


+ uz) = f(x) + 


is f(z) = az, where a is an arbitrary constant. 


11. In his note on the Fermat congruence a” = 1 mod P 
Professor Carmichael gives a method of finding composite 
numbers P which satisfy the congruence for every a which is 
prime to P. 


12. When an analytic curve is referred to the tangent and 
normal at one of its points, its equation takes the form 


= + ---. 


The coefficients are differential invariants of the curve, the first 
being half the curvature. Every combination of the coefficients 
is an invariant, that is, intrinsically related to the curve. Pro- 
fessor Kasner considers combinations involving an infinitude of 
coefficients. An important example is the radius of convergence 
of series y. Another invariant is the quantity J defined as the 
first non-vanishing term in the sequence a, a3, ---. This 
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vanishes only when the curve is a straight line, and is applied 
to certain questions concerning geodesics and trajectories. The 
even and odd components of a curve at a given point, introduced 
by the author in an earlier paper, are examples of covariants of 
infinite order. 


13. The most important theorem concerning the validity of 
the expansion of an arbitrary function in a series of Laplace’s 
functions has been proved by Jordan in his Cours d’Analyse, 
second edition, volume 2, page 252. The conditions stated 
there are that the given function be continuous on the surface 
of the sphere within some small circle about the point at which 
the expansion is made, and that it have limited variation along 
every great circle through the point. 

The object of Professor Camp’s paper is to correct an error 
in Jordan’s theorem, and to furnish new sufficient conditions 
for the validity of these expansions. To the conditions an- 
nounced by Jordan should be added the requirements that 
the values of the variations be all less than some fixed number, 
and that these variations be uniform with respect to all great 
circles through the point. Furthermore, the conditions of 
continuity of the function and of uniformity of the variations 
may be replaced by the different condition that there exist 
a small circle about the point considered such that within it 
the given function is, along all great circles through the point, 
an indefinite integral of another function which has an absolutely 
convergent double Lebesgue integral in its domain of definition. 
Any or all of these conditions may fail on a null set of great 
circles through the point. 


14. In a paper presented to the Society at the April meeting 
Dr. Lennes proved that a closed continuous surface separates 
a three-space in which it lies into two connected sets. The 
present paper is an adaptation of the methods used in that 
paper to the case of the curve in the plane. 

F. N. Cote, 
Secretary. 
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THE OCTOBER MEETING OF THE SAN FRANCISCO 
SECTION. 


Tue twentieth regular meeting of the San Francisco Section 
of the American Mathematical Society was held at the Uni- 
versity of California on Saturday, October 28, 1911. The 
following seventeen members of the society were present: 

Professor R. E. Allardice, Mr. B. A. Bernstein, Professor 
H. F. Blichfeldt, Dr. Thomas Buck, Professor G. C. Edwards, 
Professor M. W. Haskell, Professor L. M. Hoskins, Dr. Frank 
Irwin, Mr. C. G. P. Kuschke, Professor A. O. Leuschner, 
Professor J. H. McDonald, Professor W. A. Manning, Professor 
H. C. Moreno, Professor C. A. Noble, Professor E. W. Ponzer, 
Professor T. M. Putnam, Professor A. W. Whitney. 

In the absence of Professor Lehmer, chairman of the section, 
Professor Haskell presided over the morning session and 
Professor Allardice over the afternoon session. 

The following officers were elected for the ensuing year: 
president, Professor L. M. Hoskins; secretary, Professor 
T. M. Putnam; program committee, Professors Blichfeldt, 
McDonald, and Putnam. 

The dates for the meetings for 1912 were fixed at April 6 
and October 26. 


The following papers were presented: 

(1) Professor W. A. Mannine: “The primitive groups of 
class twelve.” 

(2) Professor G. A. M1ILLer: “ Note on the maximal cyclic 
subgroups of a group of order p”.” 

(3) Dr. H. W. Sracer: “A Sylow factor table of the first 
twelve thousand numbers.” 

(4) Professor A. W. Wuitney: “Theory of schedule rating 
in fire insurance.” 

(5) Professor H. F. Burcuretpt: “On a basis of plane 
geometry” (preliminary communication). 

(6) Professor A. O. LeuscHNER and Mr. B. A. BERNSTEIN: 
“Graphical solutions of the fundamental equations in the short 
methods of determining orbits.” 

In the absence of the authors the papers of Professor Miller 
and Dr. Stager were read by title. Abstracts of the papers 
follow below. 
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1. In addition to the 25 known primitive groups of class 12 
on not more than 17 letters, Professor Manning has found that 
there are four others, one of degree 27, two of degree 28, and one 
of degree 36. Of these, only one is doubly transitive. It, and 
its maximal subgroup, which is primitive of degree 27 and of 
order 27-1920, seem not to have been noticed before. 


2. It is known that every subgroup of order p* in a group G 
of order p”, m > a and p a prime number, is transformed into 
itself by at least p**! operators of G. Professor Miller calls a 
cyclic subgroup which is not contained in a larger cyclic sub- 
group of G a maximal cyclic subgroup of G, and proves the 
following related theorems: 

A necessary and sufficient condition that every maximal cyclic 
subgroup of order p*in a group G of order p”, m>3, is trans- 
formed into itself by no more than p**! operators of G is that G 
contains one and only one cyclic subgroup of order p™. Every 
non-cyclic group of order p”, with the exception of the three of 
order 2” which involve one and only one cyclic subgroup of 
order 2”~!, contains at least one maximal cyclic subgroup of 
order p* which is transformed into itself by more than p*t! 
operators of the group. 


3. The main purpose of the table described in detail in Dr. 
Stager’s paper is to furnish directly information as to the possible 
number of subgroups of a group of given order under Sylow’s well 
known theorem. Each number is expressed as the product of 
powers of primes, and for each prime factor greater than 2 
there is given the values of k, other than zero, of all divisors 
of the number of the form p(kp+ 1). Those values of k, 
other than zero, such that the number is identically equal to 
p(kp +1) are specifically indicated. The table is so arranged 
that all of the above information appears for any number as 
one entry. In the case of primes, their rank is indicated by 
the symbol p,. The desired possible number of subgroups is 
obtained by substituting the listed values of p and k in the 
formula kp + 1. 

In addition, a list of those numbers which contain no factors 
of the form p(kp+ 1), k > 0, is given, so arranged that the 
number of such numbers between any two limits less than 
12,000 is easily obtained. The table was constructed inde- 
pendently by two different methods and the results compared 
for errors. The one method used is new and was probably 
applied for the first time in the construction of this table. 
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4. Since in fire insurance it is impossible to restrict the 
selection of risks to those that are standard, as is for the most 
part the case in life insurance, it becomes necessary to make an 
analysis of the hazard. A rate built up in this way is called a 
schedule rate. Mathematically the rate is a function of the 
various elements of construction, exposure, occupancy, etc., 
and the schedule is the expression of this relation. Existing 
schedules, while formed upon no real mathematical analysis, 
are as a matter of fact in the form of a Maclaurin expansion; 
a base rate is assumed and the departures from this are pro- 
duced by additions. While this method works fairly well 
within a restricted field, it breaks down entirely, as might be 
expected, when the schedule is extended to a great variety of 
risks, and the consequence is that a great number of different 
schedules must be employed. 

In the present paper Professor Whitney attempts by means 
of simplifying assumptions to make an analysis of the structure 
of this function. The result is a schedule no more complicated 
but radically different in structure. It is believed that a 
schedule of this form possesses a flexibility that makes it capable 
of universal application. The paper was originally given 
before the Actuarial Society of America and was published in 
the Transactions of that Society for May, 1911; rewritten in 
unmathematical form, it was published in the Weekly Under- 
writer of September 30. 


5. In a paper published in the Transactions for 1902, pages 
467-481, Professor Blichfeldt gave certain postulates which 
were sufficient to determine, for space of n dimensions, the 
typical forms for the distance between two points. In the 
present paper it is shown how for n = 2 a simpler set of postu- 
lates can be substituted. The existence of distance relations 
for four points is assumed only if one or two of the four points 
are one or both of two fixed points in the “plane.” It is not 
assumed that the number of points of the plane is infinite. 


6. In the preliminary determination of an orbit, the geo- 
centric distance of the body can be obtained by solving the 
equation 

+ 


(1) +4" =0 
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if the orbit is assumed to be a parabola, and by solving 
(2) (22 — 2ez + 1)?(z — m)* — m? = 0 


if no assumption is made regarding the orbit. One of the chief 
aims of Professor Leuschner’s short methods for computing 
an orbit is to shorten the time taken for the calculation. The 
semi-graphical solution of the above equations used in the 
short methods contributes largely to this end, as well as to 
the lessening of tedious computational work; but this method 
still requires the use of tables. It is to eliminate entirely all 
computations in the solution of equation (1) above that Pro- 
fessor Leuschner and Mr. Bernstein devised methods of con- 
structing geometrically the curve given by the equation 


= OFF 


whose intersections with the parabola y = (z — p’)? give the 
required roots. By finding a geometric construction of the 
curve 
whose intersections with the line my = ++ c¢— m give the 
roots of equation (2), Mr. Bernstein derived a purely graphical 
solution of the problem for the general orbit. 
T. M. Putnam, 
Secretary of the Section. 


THE CARLSRUHE MEETING OF THE GERMAN 
MATHEMATICAL SOCIETY. 


Tue annual meeting of the Deutsche Mathematiker-Verein- 
igung was held in affiliation with the eighty-third convention 
of the society of naturalists and physicians at Karlsruhe during 
the week of September 24-28, under the presidency of Professor 
F. Schur, of the University of Strassburg. Under the stimulus 
of the pleasure and profit derived from preceding meetings a 
new record in attendance was established, over one hundred 
persons being present. The people of Karlsruhe generously 
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provided for the social part of the meeting by arranging an 
excellent program for every evening, one being devoted to an 
excursion to Heidelberg to witness the illumination of the 
castle, and to hear a well-rendered concert. The general session 
of Monday morning was opened with an address of welcome 
by the Grand Duke of Baden. Sectional meetings were held 
during the next four days, and the business meeting on Thurs- 
day morning. The membership of the society is 765 and the re- 
serve fund consists of over M. 23,000. The bibliographic com- 
mission has been discontinued, and new members have been 
added to the committee to provide for the further pub- 
lication of the papers of E. Schréder. Two finished volumes 
of the works of Euler were presented, and a detailed report 
of the German subcommittee of the international commission 
of mathematical instruction was read. Professors Rohn and 
Sommerfeld succeed Professors Engel and Schur as members 
of the council. The official representatives to the fifth congress 
of mathematicians are the new chairman, Professor W. von 
Dyck, and the secretary, Professor M. Krazer. The next meet- 
ing of the Vereinigung will be held at Miinster in September, 
1912, under the presidency of Professor von Dyck.* 

The following papers were read at this meeting. 

(1) Professor C. CaraTHéopory, Breslau: “On the depiction 
of the boundary in the conformal representation of a general 
region.” 

(2) Professor O. Biumentuat, Aachen: “Meromorphic 
functions of several variables.” 

(3) Professor G. Faser, Stuttgart: “On interpolation.” 

(4) Professor L. G. Du Pasquier, Neuenburg: “On com- 
plex tettarions.” 

(5) Dr. L. LicuTenstet, Berlin: “On Poisson’s integral and 
the behavior of analytic functions on the boundary of the 
circle of convergence.” 

(6) Professor L. ScutEstnGER, Giessen: “On early work of 
Gauss on the arithmetic-geometric mean.” 

(7) Professor K. Heun, Karlsruhe: “Outlines for the ex- 
tension of classical mechanics”’ (report). 

(8) Professor P. Voronetz, Kieff: “On the equations of 
motion of a rigid body.” 


*For this part of the report the editors are indebted to Dr. H. Mour- 
MANN, of Karlsruhe; for that of the social activities, to Dr. Ciara A. 
Smitu. The abstracts of the paper were kindly furnished by the authors 
in reply to a request sent by the editors. 
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(9) Professor R. v. Mises, Strassburg: “On the problems of 
oscillation and the Sommerfeld theorem of turbulence.” 

(10) Professor G. HAMEL, Briinn: “On the stiffness of ropes.” 

(11) Professor V. Varicax, Agram: “On the non-euclidean 
interpretation of the theory of relativity.” 

(12) Professor E. Papprerirz, Freiberg: “Exhibition of the 
completed kinodiaphragmatic projection apparatus for geo- 
metric illustrations.” 

(13) Professor H. WieNER, Darmstadt: “ Determination of a 
root of an equation by means of a convergent (or divergent) 
series.” 

(14) Professor E. Satkowsk1, Charlottenburg: “Theory of 
curves in elliptic space.” 

(15) Professor C. Jurt, Copenhagen: “Concerning the 
straight lines which lie on an analytic non-algebraic surface of 
order three.” 

(16) Professors F. Kier, Gottingen, E. Brouwer, Amster- 
dam, and P. Koesg, Leipzig: “Report on automorphic func- 
tions and the problem of uniformization.” 

(17) Professor E. Hits, Wiirzburg: “Connection between 
fundamental regions and linear differential equations.” 

(18) Dr. L. Bresersacu, KG6nigsberg: “Remarks on auto- 
morphic functions.” 

(19) Professor J. WELLSTEIN, Strassburg: “On motion in 
space and the principle of relativity.” 

(20) Professor L. Herrrer, Freiburg: “On the introduction 
of the four-dimensional world of Minkowski.” 

(21) Professor F. Gottingen: “On Lagrange’s 
problem of mean motion in the theory of secular perturbations.” 

(22) Professor H. Wiener, Darmstadt: “Exhibition and 
explanation of some new models.” 

Abstracts of several of the papers follow; the numbers cor- 
respond to those in the list above. 


2. As an extension of memoirs by E. E. Levi, Professor Blu- 
menthal discussed the natural boundaries of functions of two 
complex variables. He showed by means of the principle of 
condensation that the natural boundaries approach certain 
three-dimensional manifolds, many of the properties of which 
can be ascertained. The memoir is to appear in the Jahres- 
bericht. 


3. Professor Faber spoke of his investigations concerning 
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the accuracy of the best formulas of interpolation, and pointed 
out that they were less applicable to the representation of a 
function than to obtaining numerical approximations in 
mechanical quadrature. At the conclusion of the discussion 
the methods of Tchebichef and of Cauchy were compared. 


4. The tettarions discussed by Professor Du Pasquier are 
defined as matrices of numbers having the same number of 
rows as of columns. They are added or subtracted by adding 
or subtracting corresponding components. Multiplication fol- 
lows the same laws as the composition of linear substitutions. 
As subgroups, the complex numbers of Gauss and the quater- 
nions of Hamilton are included. If v = 4 and all the compo- 
nents are real rational numbers, a tettarion field is defined. 
Division into integral and fractional forms can be made in an 
unlimited number of ways. Thus an infinite number of realms 
of rationality exist. A rational basis of classification is into 
integral, conditionally fractional, unconditionally fractional, 
and finally forms having both characters. 


5. In the paper of Dr. Lichtenstein a number of properties 
of the partial derivatives of the Poisson integral, taken on the 
circumference, are derived. It is then shown that if u(x, y) 
is a Poisson integral with integrable boundary function and 
v(x, y) its complementary potential function, then the latter 
is integrable. The most important result concerns the partial 
derivatives of the second order of the logarithmic potential 


1 
uz) = {los 88+ PG 2) 


in which P(£, 7) is an integrable function and T any finite region. 
It is shown that except for a set of points of content zero, the 
derivatives 0°u/dy exist, are integrable, and satisfy 
the equation 


du 
an? ay” P(a, y)- 


8. The differential equations of motion of a rigid body are 
usually referred to a fixed system O-anyizr of rectangular 
coordinates, or to a system O-xyz moving rigidly with 
the body. In the few cases in which a system M-én¢ is 
employed which is movable as to both, M is either supposed 
fixed, or is taken as the center of gravity of the moving body. 
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In Professor Voronetz’s paper, the first part is concerned with 
the equations of motion in M-énf coordinates, the position of 
M being unrestricted; the second part develops the case of 
rolling motion further, and contains a number of new results. 


11. Professor Varicak showed in his paper that the Loba- 
chevsky geometry furnishes adequate means for the treatment 
of the theory of relativity; all of the investigations operate in a 
Lobachevsky space. By means of simple considerations, 
the addition theory for velocities is developed, as well as the 
laws of aberration, of reflection in moving mirrors, and certain 
other laws. 


12. Professor Papperitz presented an improved complete 
form of his apparatus for geometric illustrations. For the 
principle of the procedure and its applicability for producing 
figures in space for the purposes of instruction, reference may 
be made to two short reports (“ Ueber das Zeichnen in Raume,” 
Jahresbericht, volume 19 (1911), page 307, and “Die kinodia- 
phragmatische Projection . . . ,” Hoffmann’s Zeitschrift, vol- 
ume 11 (1911), page 465). This method of illustration promises 
to be particularly expedient; it represents not only figures in a 
plane, but also stereometric ones by means of virtual images 
of space curves and surfaces. The apparatus has been patented, 
and is provided with a number of models for representation. 
A detailed prospectus is furnished with the machine. 


14. The principle of correspondence introduced by Study 
(American Journal, volume 29, pages 116 ff.) by means of which 
the speers of elliptic space are associated with the point-spheres 
of two spheres of unit radius in euclidean space is applied by 
Professor Salkowski to the theory of space curves. If 2, 
Ligy are the speer coordinates of the directed 
tangent of a space curve, 1;, Yr;3 21; 27; (1 = 1, 2, 3) those of 
its principal normal and binormal respectively, x, 7 the curvature 
and torsion, then the equations exist 


dx,, 
ds = KY lis ‘ie = KY ry 
d 
= — «x1, — (r— 1) (r+ 


dz ii 


dz,, 
(r—1) His (r+ ly, 
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These equations determine a curve of elliptic space, and, except 
as to a simple transformation, associate two curves ¢:, ¢, of 
euclidean space. A number of consequences of this theorem 
were pointed out. 


16. The report on automorphic functions was presented 
by Professor Koebe. The most emphasis was put on the 
problem of uniformization, and a statement of recent progress 
made was given. After discussing his own publications (Jahres- 
bericht, for 1906, 1907, 1910; Géttinger Nachrichten, 1907-1911; 
Mathematische Annalen, volumes 67, 69; Crelle’s Journal, 
volumes 138, 139), the speaker pointed out the significance of 
recent memoirs of Poincaré, Hilbert, and others. 


17. If four singular (real) points and their corresponding 
exponents of a linear differential equation of the second order 
are known, there are 2! real values of the parameter, so that 
the circular quadrilateral has an orthogonal circle. In case 
of complex parameters, an infinite number of new theorems 
can be stated, one associated with each characteristic oscillation 
number. To generalize the above conditions, Professor Hilb 
uses the relations established by Klein for the triangle and by 
Ihlenberg for the quadrilateral. It is shown that the method 
developed by the latter becomes too complicated to be further 
extended. The author showed how to pass from polygons of 
n sides to those of n+ 1 sides by a new method. The corre- 
sponding extension in the complex field is much more compli- 
cated, but can be made. By means of the Fricke normal 
polygons, it is possible to overcome the difficulty imposed by 
the Stieltjes boundary, making the transformation of y’ (or 
higher derivative) for y, then taking the auxiliary points into 
account. 


18. Dr. Bieberbach reported on the contents of the third 
installment of Fricke-Klein, Vorlesungen iiber automorphe 
Funktionen, and made some remarks concerning the proof by 
means of continuity of the theorem of the closed section. 
VIRGIL SNYDER. 
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A NEW PROOF OF THE EXISTENCE THEOREM 
FOR IMPLICIT FUNCTIONS. 


BY PROFESSOR GILBERT AMES BLISS. 


(Read before the American Mathematical Society October 28, 1911.) 


Tue theorem with which this paper has to do is the one 
which states the existence of a set of functions 


Yi = YilX1, Xo, Lm) a= 1, 2, ---, 
which satisfy a system of equations of the form 


For the case in which the functions f are only assumed to be 
continuous and to have continuous first derivatives, the proof 
seems to have been originally given by Dini.* His method is 
to show the existence of a solution of a single equation, and then 
to extend his result by mathematical induction to a system of 
the form given above, a plan which has been followed, with 
only slight alterations and improvements in form, by most 
writers on the theory of functions of a real variable. In a more 
recent papert Goursat has applied a method of successive 
approximation which enabled him to do away with the assump- 
tion of the existence of the derivatives of the functions f with 
respect to the independent variables z. 

One can hardly be dissatisfied with either of these methods 
of attack. It is true that when the theorem is stated as pre- 
cisely as in the following paragraphs, the determination of the 
neighborhoods at the stage when the induction must be made 
is rather inelegant, but the difficulties encountered are not 
serious. The introduction of successive approximations is an 
interesting step, though it does not simplify the situation and 
indeed does not add generality with regard to the assumptions 
on the functions f. The method of Dini can in fact, by only 
a slight modification, be made to apply to cases where the 
functions do not have derivatives with respect to the variables x. 


*Lezioni di Analisi infinitesimale, vol. 1, chap. 13. For historical 
remarks, see Osgood, Encyclopidie der mathematischen Wissenschaften, 
II, B1, § 44 and footnote 30. 

{ Bulletin de la Société mathématique, vol. 31 (1903), page 185. 
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The proof which is given in the following paragraphs seems 
to have advantages in the matter of simplicity over either of 
the others. It applies equally well, without induction, to one 
or a system of equations, and requires only the initial assump- 
tions which Goursat mentions in his paper. 

Where it is possible without sacrificing clearness, the row 
letters f, x, y, p, a, b will be used to denote the systems 


f= (fi, fe, = (x1, 2, °° 
= (y1, a= (a1, fla, °° Gm); 


b= (bi, be, bn), (a1, a2, Gm; be, bn). 


In this notation the equations (1) have the form 


f(x; y) = 0, 


the interpretation being that every element of f is a function 
Of 21, %2, +++, 2m} Yi» Yo, ***» Yn, and every f; is to be set equal 
to zero. The notations p,, a,, b, represent respectively the 
neighborhoods 


lr—al<ely—bl<e |r—al<e |y—bl<e 


of the points p, a, b. 

With these notations in mind the fundamental theorem which 
is to be proved may be stated as follows: 

Hypotheses: 

1) the functions f(x; y) are continuous, and have first partial 
derivatives with respect to the variables y which are also continuous, 
in a neighborhood of the point p; 

2) f(a; b) = 0; 

3) the functional determinant D = 0(f1, fo, fn)/O(Y1, Yr, 

+, Yn) is different from zero at p. 

Conclusions: 

1) a neighborhood p, can be found in which there corresponds 
to a given value x at most one solution (x;y) of the equations 
fa; = 9; 

2) for any neighborhood p, with the property just described a 
constant 6 = ¢ can be found such that every x in as has associated 
with it a point (x;y) which satisfies the equations f(x; y) = 0; 

3) the functions y(21, 22, +++, tm) 80 found are continuous in 
the region as. 
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For the neighborhood p, let one be chosen in which the 
continuity properties of the functions f are preserved. If 
(x; y) and (2; y’) are two points in p,, it follows by applying 
Taylor’s formula to the differences f(x; y’) — f(x; y) that 


fiizzy’) — fiz y) = + — Ya); 
fn(x; y’) — y) = — yx) + + — Yn), 


where the arguments of a derivatives df;/dy, have the form 
— y) and0<6;< 1. The determinant of these 
derivatives is different from zero when (2; y’) = (2; y) = 
(a; b), and hence must remain different from zero if p, is re- 
stricted so that in it the functional determinant D remains dif- 
ferent from zero. It is then impossible that (a; y) and (2; y’) 
should both be solutions of the equations f(z; y) = 0 if y 
is distinct from y’. 
In the corresponding region b, the function 


g(a;y) =fr(a;y) + fP(a;y) + --- +fr(a;y) 


has a minimum for y = J, since for that value it vanishes and 
for every other it is positive. In particular 


g(a; n) — g(a;b) > m>0 


for the closed set of points forming the boundary of b., on ac- 
count of the continuity of yg, and the inequality 


g(x; — > m 


remains true for all values x in a suitably chosen domain a;. 
Hence for a fixed zx in a; the minimum of ¢(z; y) is attained 
at a point y interior to b,. At such a point, however, 


2 fs ay, +- tha, 
of 


and this can happen only when all the elements of f are zero, 
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since the functional determinant D is different from zero in p,. 
It follows that to every point x in a; there corresponds in p, 
a solution (2; y) of the equations f(x; y) = 0. 

The functions y(2x1, 22, ---, %m) defined in this way over the 
region a; are al! continuous. For consider the values y and 
y + Ay corresponding to two points z and z+ Az. By apply- 
ing Taylor’s formula it follows from the relations 


f (e;y + Ay) — f(a; y) = fla; y + Ay) — fie + Ax; y + Ay), 


which are true because (x; y) and («+ Az; y+ Ay) both 
make f = 0, that 


af: af 
ay, ay ay. AYn 
= filz; y+ Ay) — fila + Ax; y + Ay), 
(2) 


n 


ofn 


= f,(z;y + Ay) — fala + Ax; y + Ay), 


AYn 


where the arguments of the derivatives df;/dy, have the form 
z;y+0Ay (0<6;< 1). The determinant of these deriv- 
atives is different from zero on account of the way in which p, 
was chosen, and the second members of the equations approach 
zero with Az. Hence the same must be true of the quantities 
Ay, and the functions y(21, 22, - ++, %m) are seen to be continuous. 

A similar application of Taylor’s formula leads to the con- 
clusion that 

If the functions f have derivatives of the first order with respect 
to x; which are continuous in the neighborhood of p, so have also 
the functions y(x1, X2, +++, %m) in the region a;; and if the f’s 
have all derivatives of the nth order continuous, so have the functions 
y(n, Ze, °° Am)- 

For suppose 


Az, + 0, Azo = --- = = 0. 


Then by applying Taylor’s formula to the second members of 
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equations (2) it follows that 


Ayr, Hi Ave Hi Am, Hi _ 
Az, OY2 Ax, OYn Az, O21 
Of, A Ofn Ay: Ofn 
Avs Yn Aye, _ 9, 


dy, Az, dy2 Ary Oxy 


where the arguments of the derivatives df;/8x,; have the form 
x + 0,/Ax;y + Ay. Hence as Ax; approaches zero the quotients 
Ay;/A2, approach limits dy;/dx; which satisfy the equations 


OYn OX, O24 
(3) 
O of, Ofn , Wn 
Yi 021 OYs O21 OYn O21 O21 


where the arguments of the derivatives of f are now (2; y). 
A similar consideration shows the existence of the first deriv- 
atives with respect to the variables 22, 23, ---, 2m. The ex- 
istence of the higher derivatives follows from the observation 
that the solutions of equations (3) are differentiable n — 1 
times with respect to the variables x on account of the as- 
sumption that the functions f are differentiable n times. 


ON A SET OF KERNELS WHOSE DETERMINANTS 
FORM A STURMIAN SEQUENCE. 


BY MR. H. BATEMAN, M.A. 


Wevt * has recent!y given a theorem which states that if a 
kernel 


k,(s, t) = (kg = Ken) 


is formed from n functions ®,(s) whose squares are integrable 
in the interval (0, 1), then the smallest positive root of the 


~~ * Géttinger Nachrichten, 1911, Heft 2, p. 110. 
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kernel 


h,(s, t) = k(s, t) _ k,(s, t) 


is not greater than the (n + 1)th positive root of k(s, t). 
It has occurred to me that this theorem is a particular case 
of the following general theorem: 


Let k(s, t) be a symmetric function such that 


f t)|*dsdt 


is convergent, Ang = Aqp (p,q = 1,2,---,n) a set of constants 
such that the symmetrical determinant 


411 Ain 
A, = 422 don 
Ann 


is not zero, fi(s), fo(s), --+, fn(s) a set of integrable functions 


such that 
1 
is convergent. Then if 


k(s,t) fils) fols) --- fnl(s) 


| 
3 


fp(t) Ani eee eee 


and if h,_1 (8, t) is derived from h,(s, t) by omitting the last row and 
column in each of the determinants F, and A,, the roots of the 
symmetric kernel h»-1 (8, t) will be separated by those of h,(s, t). 
Let D(A), Drr(d), Da(d) be the determinants of k(s, 
h,-1(8, t), ha(s, t) respectively; then by a known formula * 


Dir 
= = 9,0), 


* Messenger of Mathematics, 1908, p. 179. 
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where 
Aru Artin | 


| Ant + Ona + ATaa | 


Tpq = Tap = [ $n(8)fq(s)ds, 


and ¢,(s) is the solution of the equation 


Now let A,, denote the cofactor of the constituent ap, + Atpq 
in the determinant V,(A); then by a property of determinants 


where V,—2(A) is derived from V,(A) by omitting the last two 
rows and columns. 

Now Ann = Va-i(A), hence when Vp_-1(A) vanishes V,~2(A) 
and Y,() have opposite signs. The functions 


Vila), V2(A), Vn(r) 


therefore form a Sturmian series and it will be seen presently 
that the roots of V,(A) separate those of VY,-1(A), the roots of 
Vn--1(A) separate those of V,-2(A), and so on. 

Now the roots of V,(A) = 0 are the same as those of D,(A)=0 
and I have shown in a former paper* that the roots of D,(A) 
separate those of D(A), hence the functions 


D(a), D,(Qd), D2(d), D,,(d) 


form a sequence such that the roots of any function in the 
sequence separate the roots of the preceding function. 

If Xi, Ae, -**, Angi are the positive roots of D(A) arranged in 
order of magnitude, there will be nm roots of D(A) arranged 
singly between the gaps, n — 1 roots of D2(d) arranged between 
the gaps in this second set, and soon. It is clear then that there 


is at least one root of D,(d) between ei and er this includes 
Weyl’s theorem. We have supposed that the roots of D(A) 
are all distinct, but the necessary modification for the case of 


again on p. 182. 


multiple roots is easily introduced. 
* Cambr. Phil. Trans., vol. 20 (1908), p. 374. The theorem is used 
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If the constants ap, are chosen so that the determinants A, 
are all positive, D,-2(A) and D,(d) will have opposite signs 
when D,_:(A) vanishes, and so the functions 


DQ), D(a), D,(d) 


will form a Sturmian sequence. 

It has been stated that the roots of the functions V,(A) in the 
Sturmian sequence separate one another. This is not always 
true for a Sturmian sequence when the functions are not poly- 
nomials, but it can be shown to be true in the present case, 
as follows. Let gn(s), gn(t) be the cofactors of the constituents 
f.(t), f.(s) in the determinant F,; then from the properties of 
determinants 


Dividing out by A,-14,, we have 
ha(s, = t) — (8) gn(t) 


We can now apply the theorem mentioned before to this equation 
and deduce that the roots of h,»_:(s, t) are separated by those 
of h,(s, t), there being one root of h,(s, t) between each consecu- 
tive pair of roots of hn»_1(s, ft). 
Bryn Mawr 
November, 1911. 


ON THE CUBES OF DETERMINANTS OF THE 
SECOND, THIRD, AND HIGHER ORDERS. 


BY PROFESSOR ROBERT E. MORITZ. 


(Read before the San Francisco Section of the American Mathematical 
Society, April 8, 1911.) 


Waite the square of a determinant of any order may be 
readily expressed as a determinant of the same order, I am not 
aware of the existence of a correspondingly simple method by 
means of which the cube of any determinant may be expressed 
in determinant form. For a determinant of the fourth order, 
Ay, we have indeed from a well-known property of determinants 


Ag = Ay’, 


where A,’ is the determinant whose constituents are the co- 
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factors of the corresponding constituents of A, Another 
isolated case may be derived from the following general theorem 
due to Faa di Bruno: 

The determinant which has for its first row the constituents 


zy™, y” 


and whose other rows are obtained by operating on the con- 
stituents of the first row successively by the symbolic operators 


Vay 

Ya) 


is a power, namely the 3n(n + 1)th power, of the determinant 
ay’ — x'y. For n= 2, this theorem yields a determinant 
expression for (xy’ — 2’y)*. 


2,2 
wy, 


I 


On multiplying each constituent of the determinant of the 
second order 


| a, | 
A, = 
be | 
by As, we obtain 


| by (aybe be(arbe a2b,) 


and this in turn is equivalent to the bordered determinant 


As® = — = 


| ayby arb; 
1 


0 ay(aybo a2b;) as(aybe 


0 by (aybe bo(aybe a2b;) 


Now subtract a; times the first row from the second, and add 
b,; times the first row to the third, then 


2a ibibo a 


| 
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or, after interchanging the first and second rows and removing 
factors, 


| ay a? 
(1) A? = + a2b, 
2b ibe | 


By adding the first and third columns to the second and 
putting 


a3 = a; + a2, b3 = be, 


we may write (1) in the form 


ay as a3 | 


We have then the following 
Rule for the cube of any determinant of the second order: 
Write down two lines of elements 


M1, G2, a3( = a4, + a2), 


bhi, be, b3( = by + be), 


composed respectively of the constituents of the first row 
(or column) and their sum, the constituents of the second row 
(or column) and their sum, of any determinant of the second 
order. Its cube is the negative of the determinant of the third 
order the constituents of whose rows (or columns) are respec- 
tively the squares of the elements of the first line, the products 
of the elements of the first line by the corresponding elements 
of the second line, the squares of the elements of the second line. 


II. 


Next consider the determinant of the third order 


ay a2 a3 ay a3 


A3; = by be bs by’ bo’ b,’ 


C1 Co 1 1 1 
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ay’ = de’ = ae/e2, a3’ = a3/e3, by’ = by/e1, ete. 
Expressed as a determinant of the second order, 


Az = 


bo’ b,’ b;’ bi’ 


from which by the use of (2) 


x2” x3 

3 2 2 
| Y2 ¥3 


= de’ — a3, %2= a3’ — ay’, 23 = a’ — a’, 
b,’ — y2 = b;' — by’, by’ — by’. 


But 
C2 C2C3 
and similarly 
Bs = B; 
= = 
C3C1 
Ay As A; 


where the A’s and B’s are the cofactors of the corresponding 
constituents of A3. Substituting these values, we obtain after 
a slight reduction 


| A; A? A? 
—1 
(3) — A,B, A2B3 


C3C2C3 


| B? B? B? 


A case of special interest is that in which the c’s are unity. 


| 
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Thus 
a3/* 
by be by 
1 1 1 
| (a@2—a;3)? | 
(b2—bs)° (bs—by)? (bi— be)? | 


Ill. 


Before considering the cubes of determinants of orders higher 
than the third, we will establish the following 


TueorEeM I. Let A, = (aybe --- ma) represent any determinant 
of the nth order, and let S denote the substitution which replaces 


1 2, 


n; by = — 
then 
SA. = = (aybe Nnkn+1)5 


n+l 


where Ans: 18 the determinant of the (n + 1)th order, formed by 
bordering A, on the right by 


and on the bottom by 
ky, ko, Kens uss 


Proof —Making the substitution indicated, we have to show 
that 
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1 
ay a2 On+1 
by be b, 


But this is merely the well-known identity which results from 
the reduction of any determinant of the (n+ 1)th order to 
one of order n. 

Definition.—Let us call the substitution S which transforms 
any determinant A, = --+ into Any; = (aybe- -Maktns1) 
the substitution belonging to An. 

TueorEM II. If any cofactor H; belonging to A, is trans- 
formed by the substitution belonging to An, the result of the oper- 
ation is the corresponding cofactor H"*" belonging to Ans: 
multiplied by 

This theorem is an immediate consequence of Theorem I, 
since the cofactor H;” of A,, when bordered on the right by 
Gns1, On41, ete., and at the bottom by ky, ke, etc., becomes the 
cofactor H;"*” of A,,:. Similar conclusions may be arrived 
at with regard to the transformation of the minors of any order. 

Theorems I and II, though they appear here as immediate 
consequences of well-known results, enable us to derive from 
certain given forms and relations other forms and relations. 
For any identity between a determinant and its minors will, 
when operated on by the substitution belonging to the given 
determinant, give rise to another identity between a deter- 
minant of the next higher order and its minors. These the- 
orems, therefore, permit us to proceed from relations holding 
for determinants of the second or third orders to corresponding 
relations between determinants of any order. 


IV. 


We now apply the theorems of the preceding section to each 
member of equation (3). A3 being of the third order, the sub- 
stitution belonging to A; is 


ai, bi, Ci 
S= (a 2, 3), 
(aids), (bids), (ids) 


— 3 
| 
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consequently 
SA; = d7A,, 
where 
Ay = 


SA; = d;A; SB; = SC; = d,C;*” (i = 2, 3) 
where A;”, B/”, C{, are the cofactors of the corresponding small 
letters in Ay. Finally Se; = (c:dy). Hence 


SA? = d£A3 = AB 4 
| Bi 2 BS” 


which, on removing the common factor d and dropping the 
indices, becomes 


A,B, A3B3 | 
B? B? 


—1 
4 A 3 = 
( (e2d) (e3d4) 
The general case now offers no further difficulty. The sub- 
stitution belonging to Ay, is 


di, b:, Ci, d; G=1,2,3). 


(ais), (bies), (cits), (dies) J 
Operating on both members of (4) with S we obtain 


A? A;? | 


1,B, AsB, A3B; 
B? | 


—1 


(6) Ag= 
(eyd4d5) (Cod (e3d4e5) 


and hence by induction 

A? A? A? | 
A,B, AsB3', 
Be Be | 


—1 


(6) Ai = 


\ 
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where the large letters are the cofactors of the corresponding 
small letters in A,. It will be noticed that each member of 
(6) is of degree 3n, as it should be. 


UNIVERSITY OF WASHINGTON, 
March, 1911. 


NOTE ON THE MAXIMAL CYCLIC SUBGROUPS OF A 
GROUP OF ORDER p. 


BY PROFESSOR G. A. MILLER. 


(Read before the San Francisco Section of the American Mathematical 
‘ Society, October 28, 1911.) 


Ir H is any non-invariant subgroup of a group G of order p”, 
p being any prime number, it is well known that H is transformed 
into itself by at least one of its conjugates under G and hence 
by operators which are not contained in H.* If H is cyclic 
and not contained in a larger cyclic subgroup of G, it is said to 
be a maximal cyclic subgroup of G. In what follows we shall 
establish the 

THEOREM: A necessary and sufficient condition that every maxi- 
mal cyclic subgroup of order p* in a group G of order p”, m > 3, 
is transformed into itself by no more than p**' operators of G is 
that G contains one and only one cyclic subgroup of order p™™. 

If we combine with this theorem some well-known properties 
of the groups of order p” which contain operators of order 
p”, it results that there are only three non-cyclic groups of 
order p” which have the property that each of their maximal 
cyclic subgroups of order p* is transformed into itself by only 
p**! operators of the group. These three groups are the three 
non-cyclic groups of order 2” which involve one and only one 
cyclic subgroup of order 2”7. 

To prove the theorem in question, we shall assume that G 
does not involve any operator of order p”, since the groups 
of order p” which contain operators of order p™™ are so well 
known. We shall also assume in what follows that G satisfies 
the condition that each one of its maximal cyclic subgroups of 
order p* is transformed into itself by exactly p**' operators of 
G, p* being the order of any one of the maximal cyclic subgroup 


of G. 
*Cf. American Journal of Mathematics, vol. 23 (1991), p. 173. 


190 MAXIMAL CYCLIC SUBGROUPS. [Jan., 


If H is a maximal cyclic subgroup of order p* contained in 
G, it must have p”/p**! conjugates under G and these con- 
jugates must involve 


distinct operators of order p*. Since any complete set of 
conjugates of a non-cyclic group of order p” is contained in 


a subgroup of order p™", it results that these p” (- =) 
operators of order p* in G must generate a subgroup of order 
p™. This subgroup includes a subgroup K of order p™? 
which does not involve any generator of the cyclic subgroups 
which are conjugate with H, but it is composed of all the other 
operators of the given subgroup of order p"™. Since G involves 
p™ — p™" operators which are generators of maximal cyclic 
subgroups but are not found in the given subgroup of order 
p™, it results that G contains exactly p+ 1 distinct conjugate 
sets of maximal cyclic subgroups. 

As each of these distinct sets generates a subgroup of order 
p™* which involves K, it results that K is a characteristic 
subgroup of G which gives rise to an abelian quotient group 
of order p* and of type (1, 1). As all the operators of K are 
powers of larger operators which are not in K, it results that K 
cannot be cyclic. In fact, if K were cyclic, G would involve 
operators of order p”, which is contrary to the assumption 
made above. 

As K is non-cyclic it must involve more than one subgroup 
of order p™~*, and the operators which are common to all of 
its subgroups of this order must constitute a characteristic 
subgroup with respect to which its quotient group is abelian 
and of type (1, 1, 1, ---). Hence it results that G must have 
an invariant subgroup of index p*‘ which gives rise to a 
quotient group such that the operators of K correspond to 
one of its non-cyclic subgroups of order p*. 

The operators of K which correspond to operators of order 
p in this quotient group cannot be powers of operators of higher 
order in K and hence they must all be pth powers of operators 
of G which are not in K. That is, this quotient group of order 
p* must be such that each of its operators of order p correspond- 
ing to K is a power of an operator of order p* in the rest of 
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this quotient group. This implies that this quotient group is 
abelian and of type (2,2) when p = 2, and when p > 2 it must 
contain at least p invariant cyclic subgroups of order p. As 
this is contrary to the fact that G contains p+ 1 conjugate 
sets which involve generating operators of its maximal cyclic 
subgroups, we have proved that we arrive at an absurdity by 
assuming that G does not involve any operator of order p™™, 
m> 3. 

When p > 2 there are only two non-cyclic groups of order 
p™ which involve operators of order p™, m > 3, and each of 
these clearly contains maximal cyclic subgroups of order p* 
which are transformed into themselves by more than p**? 
operators of G. Hence it results that the three non-cyclic 
groups of order 2” which were considered above in the second 
paragraph are the only non-cyclic groups of order p” in which 
every maximal cyclic subgroup is transformed into itself by 
at most p times as many operators of the group as there are 
operators in this maximal subgroup. This completes the proof 
of the theorem in question, and hence we can assume that 
every non-cyclic group of order p™, with the exception of the three 
of order 2” which involve one and only one cyclic subgroup of order 
2", contains at least one maximal cyclic subgroup of order p* 
which is transformed into itself by more than p**' operators of 
the group. 


UNIVERSITY OF ILLINOIS. 


AN EXPRESSION FOR THE GENERAL TERM OF A 
RECURRING SERIES. 


BY PROFESSOR TSURUICHI HAYASHI. 


Proressor Arthur Ranum has given in the BULLETIN, 
volume 17, No. 9, June, 1911, pages 457-461, an explicit form 
of the general term of a recurring series rationally in terms of the 
first few terms and the constants of the scale of relation. I will 
give here another more explicit and more convenient form 
without demonstration. 

Let any recurring 
series of order n, and let 


Um = AyUm—1 + + + AgUm—n (m=n) 
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be its scale of relation. Then for any value of m not less than n, 


= t,Ay, 


v=0 
where 
2 n 


a! G@e.°° “An! 


the summation extending over all the positive integral and zero 
values of a, a2,-+-, an, for which 


a; + 2a2 + 3a3 + --- + na, = m— v. 


Since the formula is true when m = n, and assuming it to be 
true for the values n + 1,n+1—1,---,n+1, nof m, we can 
prove it by mathematical induction to be true for the next 
value n + / + 1, without much difficulty, unless 1 <n. Even 
for the case 1<n, a slight attention leads us to the same result. 

More generally, it may also be shown that for any value of 
m greater than 


v=A 
where 
a, (@1+a2+ +a, — 1)! 
A, = a, - 
Ayn. 


(an + Qn-1 + coe 


the summation extending over all the positive integral and zero 
values of a1, a2, --+, a, for which 
ay + + 3a3 + --- + na, =m—». 
TOnoku ImperiIAL UNIVERSITY, 


SENDAI, JAPAN, 
July, 19 1. 
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SHORTER NOTICES. 


Emile Picard. Biographie, Bibliographie analytique des Ecrits. 
By Ernest Leson. Paris, Gauthier-Villars, 1910.  viii+ 
80 pp. 

Paul Appell. Biographie, Bibliographie analytique des Ecrits. 
By Ernest Leson. Paris, Gauthier-Villars, 1910. viii+ 
71 pp. 

THESE two new volumes of the Savants du Jour are entirely 
similar in plan and arrangement to their two predecessors, 
which were devoted to Henri Poincaré and Gaston Darboux 
respectively. They contain, besides the brief biographical 
sketches of Picard and Appell by M. Lebon, a complete classi- 
fied list of their publications. The titles and references to 
the place of publication are in many cases followed by a brief 
synopsis of the content of the corresponding paper. The 
following notes taken from these volumes may be of some 
interest to readers of the BULLETIN. 

Charles Emile Picard was born in Paris on July 24, 1856. 
He entered the Ecole Normale in 1874 and received his doctorate 
in 1877. During his three years at the Ecole Normale he was 
inspired by Darboux; under the guidance of the latter he pro- 
duced his first memoir (presented to the Academy of Sciences, 
January, 1877) and his doctor’s dissertation. Nearly all of his 
subsequent publications, however, relate closely to pure analysis; 
even his famous researches on algebraic surfaces are properly 
classified as pure analysis. In 1879, at the early age of 23 years, 
he published the two important theorems on integral functions 
that bear hisname. These investigations attracted the attention 
of Hermite and led to a long and intimate friendship which 
resulted in 1881 in the marriage of Picard and the daughter of 
Hermite. After a short experience in teaching at Toulouse he 
was recalled to Paris in 1881, where he has remained ever since. 
He was elected to the Academy of Sciences in 1889, and was its 
president in 1910. He was awarded the Prix Poncelet in 1886 
and the Grand Prix des Sciences mathématiques in 1888 for 
his work on the theory of algebraic functions of two variables. 
His published work numbers 341 titles. 

Paul Emile Appell was born in Strasbourg, September 27, 
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1855. He entered the Ecole Normale in 1873 and obtained 
his doctorate in 1876. His first published work relates to 
projective geometry and shows the influence of his teacher, 
Chasles. His dissertation falls into this period. But beginning 
with 1877 he, like Picard, devoted himself almost exclusively 
to the field of analysis. After a brief experience in the prov- 
inces, he was recalled to Paris in 1881, where he has remained. 
He was elected to the Academy of Sciences in 1892. The list 
of his publications contains 306 titles. 


J. W. Youna. 


Vermeintliche Beweise des Fermatschen Satzes. Besprochen von 
A. Fieck, Po. MArNNscHEN, O. Archiv der 
Mathematik und Physii:, Bande 14-18. 

Uber das letzte Fermatsche Theorem. Von BENNo Luinp. 
Abhandlungen zur Geschichte der mathematischen Wiissen- 
schaften, Heft XXVI2, pp. 21-65, 1910. 

Tue age of circle squarers had hardly come to an end 
(one still meets sporadic cases here and there) when a new 
period, the age of the “ Fermatists,” arose. This genus suddenly 
received a tremendous boom through the “Wolfskehlsche 
Preisstiftung”’ by which a prize of 100,000 Marks is offered to 
him who first proves the great theorem of Fermat. And in 
its wake there have come a host who do not have the least 
ambition to add anything to mathematical knowledge but 
merely lust after the prize money. Their number will doubt- 
lessly reach many thousands within the 99 years for which 
the prize is established. 

The editors of the Archiv have opened their pages to a dis- 
cussion of the proofs that might be submitted; and it is the 
pleasant (?) duty of Messrs. Fleck, Maennschen, and Perron to 
peruse these and point out to each writer the errors which lurk 
in his work. Of the 111 attempts at a proof that are discussed 
to date in the Archiv, none is successful and not one adds any- 
thing which may be of value in bringing the solution of the 
problem nearer completion. Fermat stated in a marginal note 
that the equation 


(1) 


has no solution in integers, for all values of n which are greater 
than 2, and that he possessed a most wonderful proof of this 
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theorem; but his proof, if such existed, has never been dis- 
covered. Each of these latter-day Fermatists believes that 
he has found a like remarkable proof, and is ready to grasp 
the prize, only to have his hopes shattered by an exposure 
of his errors. Some of them, nothing daunted, have made a 
second and even a third attempt, only to fail each time. What, 
besides the prize, has driven these engineers, teachers, cap- 
tains of artillery, building inspectors, doctors, book-keepers, 
preachers, apothecaries, judges, merchants, cabinet ministers, 
and representatives of many other vocations and of many 
nationalities, to waste time, paper, and ink on the worthless 
stuff they have turned out? The reviewer almost believes it 
is because they consider the problem as a sort of challenge 
to their intelligence — it is stated so clearly and in such 
few words — it sounds so familiar — just a little extension of 
the Pythagorean theorem — and it asks for a solution in inte- 
gers, the kind of numbers we played with in our childhood 
days. Carried away by these impulses, they forget that such 
mathematicians as Abel, Cauchy, Euler, Legendre, Kummer, 
and a score of others have attempted the problem before them; 
they do not consider that they lack the subtlety of mind, the 
“Scharfsinn” which the subject requires; they do not even 
think it worth while to find out what progress has been made 
along this line by previous writers, but each one starts afresh 
and attempts, by mighty path-breaking methods, to arrive 
at the goal within the compass of 50 pages or of 2 pages or 
even on a post-card. 

And wherein do these Fermatists fail — what is the nature 
of their errors? Disregarding completely such puerile algebraic 
blunders as are usually attributed to our college freshmen, 
almost all the errors may be classified under one of the following 
types: 1) Assumption of the converse of a theorem where only 
the direct theorem has been proved; 2) omission of steps in 
the proof of a theorem whose proof in turn is either impossible 
or as difficult as the original theorem; 3) assumption that 
because certain expressions satisfy an equation, these are neces- 
sarily the only ones that do so; 4) reasoning in a circle; 5) drawing 
conclusions for general values from theorems which have only 
been proven for a particular value; 6) confusion of algebraic 
and numerical factoring; 7) ignorance of simple factor theorems 
or divisibility of numbers; 8) errors in elementary theory of 
congruences; 9) assumption of particular forms of the unknown 
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quantities; 10) assumption without proof that a certain com- 
plicated expression of fractional form which has been set up 
must be an integer. These types of errors are about equally 
numerous — the first five are errors in logic, the last five are 
more closely related to the theory of numbers. May the 
Archiv continue its good work in the exposure of these pseudo- 
proofs. Let us hope that the editors will not grow tired, 
within the next 96 years, of their self-imposed task, which does 
have its compensations on the humorous side if on no other. 


Lind, in his monograph, does not attempt to prove Fermat’s 
theorem. It is his aim to give a complete algebraic survey in 
simplified form of everything that has been done by elementary 
methods towards a solution of the problem, to point out the 
directions which might lead to further developments, and to 
give a historical review of the problem since the time of Fermat. 
Though not complete, still his collection of the material from 
so many varied sources and its presentation as a whole is very 
noteworthy. His work is divided into four parts. Part 1 gives 
the algebraic analysis of the problem by elementary methods. 
It contains a host of theorems, with their proof, which have been 
deduced concerning the relations that must exist between 
x, y, z, and n if the equation (1) is to hold. We first have the 
well-known Abel equations expressing 2, y, z and the three 
very important functions of the form 


yn y” 2" y” an 
arty’ z-y’ 


in terms of the nth powers of 6 quantities a, b,c, a,B,y. These 
relations are the starting point of all the later investigations. 

Lind includes some original work in this part and in part 4, 
and here he comes to grief. Fleck discusses this portion of the 
monograph in the Archiv, volume 16, Ist Heft (1910), and in 
reply to Lind’s objections to some of Fleck’s criticisms, the 
latter goes into more detail in volume 18, Ist Heft (1911). 
And so we have another exhibit in the Archiv’s gallery of ex- 
posures. Several of the theorems which Lind gives as his own 
in part 1 are false in themselves or their proofs are false. In 
part 4, he attempts to make a most important addition to the 
development of the problem, viz., that the equation (1) has 
no solution in integers «, y, z prime to n, and that in case 
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n = 6m +1 one of these must be divisible by 3n?. Unfor- 
tunately, he bases his proof upon two of his theorems dealing 
only with the most elementary theory of congruences (in par- 
ticular, if z =a (mod 3), then a” = a"(mod 3?) for all odd 
primes n), which Fleck points out are both false, and thus 
Lind’s original work is mostly worthless. 

Part 2 contains a bibliography of the subject, citing 183 
articles. Part 3 is the historical review. The first attempt to 
treat Fermat’s theorem in general is due to Claude Jaquemets 
(1651-1729), but he did not advance very far. The very 
important Abel equations were first set up by Barlow (1811), 
and then independently by Abel, Kummer, Legendre, Linde- 
mann, I’. Lucas, and Stickel. These men also established a 
large number of other formulas and theorems. One of the most 
important theorems that Abel stated without proof was, that 
if equation (1) is to have integral solutions, then none of the 
quantities 2, y, z, r+ y, z—y, ete., can be a prime. In 
regard to this theorem, Talbot, in 1857, proved that the two 
larger of the unknowns cannot be primes. It was not until 
1905 that Sauer showed that the smallest of the unknowns can- 
not be a prime. We should add here that Cauchy, Lebesgue, 
Liouville, and Gruenert have also arrived at very many in- 
teresting results. 

As far as the proof of the impossibility of equation (1) in 
integers for special values of n is concerned, Euler in 1738 gave 
a proof for n = 4, and 22 years later for n = 3. The case 
n = 5 is an interesting one, for in 1825 Dirichlet showed that 
if equation (1) has solutions, then one of the unknowns must be 
divisible by 5, and that this unknown cannot be odd; Legendre 
followed this by showing (by the same method) that this 
unknown cannot be even, and thus completed the case for 

= 5. In 1840 Lamé proved the casen =7. Many others 
have given proofs covering these cases. In 1823 Legendre 
showed that if (1) has solutions, then for all n < 100 one of the 
unknowns must be divisible by n; but it remained for Dickson 
(Quarterly Journal, volume 40 (1908)) to prove that (1) has no 
integral solutions all prime to n for every n < 6,857, and for the 
larger primes < 7,000. But the year 1847 brought the richest 
harvest for the problem, for then Kummer, with the help of 
the theory of prime ideals proved that (1) has no integral solu- 
tions for all values of n which are odd primes and which are 
contained as factors in the numerators of the first 3(n — 3) 
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Bernoulli numbers — this includes all odd primes < 100, with 
the exception of 37, 59, 67. Ten years later he extended this 
to another series of exponents including these three excep- 
tional numbers, so that the Fermat theorem was proven for 
all values of n > 2 and =100. Kummer received the Paris 
prize of 1850 for his beautiful work. 

In 1909, an award of 1000 Marks was made from the Wolf- 
skehl foundation to G. Wieferich for his proof that Fermat’s 
equation has no solutions all prime to n unless 2"-! = 1 mod n?. 
And here the problem rests. 

JosePH LIPKE. 


Solid Geometry. By H. E. Stavent and N. J. LENNEs. 

Allyn and Bacon, Boston, 1911. vi+190 pp. 

Tuts book follows the plane geometry of the textbook series 
of the authors. It is divided into seven chapters entitled lines 
and planes in space, prisms and cylinders, pyramids and cones, 
regular and similar polyhedrons, the sphere, variable geo- 
metric magnitudes, and theory of limits. 

The logical phase of the development of solid geometry, as here 
treated, is a great improvement over that usually found in our 
textbooks. Many of the more fundamental principles are 
formally stated as axioms. ‘The first striking example of this 
is Axiom III: “If two planes have a point in common, then they 
have at least another point in common.” This fundamental 
theorem of three-dimensional geometry has usually been kept 
as obscure as possible. In all, ten axioms are thus stated. 

A brief treatment of sines, cosines, and tangents, and a few 
theorems on the projection of lines and of areas are introduced. 
Some of the theorems on trihedral angles are deferred to the 
chapter on the sphere, where they are related to the theory of 
spherical triangles. Euler’s theorem is stated without proof, 
the usual faulty proof being inserted as an exercise in which the 
error in the proof is to be shown. The definition of polar 
spherical triangles is made completely. The proof of the 
theorem that the shortest path between two points on a sphere 
is the are of a great circle joining the points is made to depend 
on the concept of the length of a curve on a sphere as the limit 
of the sum of the lengths of small ares of great circles —a 
somewhat different notion from the limit of the sum of lengths 
of the chords, which has been previously used in the book for 
the length of a curve. In the chapter on variable geometric 
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magnitudes, graphs are used to show the relation between 
volume, surface, and edge of a regular tetrahedron, cube, etc. 
The final chapter on limits is excellent, and introduces many new 
ideas not usually presented. 

The usual faulty proof of the theorem on the volume of an 
oblique prism is retained. The minor errors are not numer- 
ous, but the following have been noticed: On page 51, line 
16, the word cylinder is used where prism is meant. On page 
85, line 8 from the bottom, d is used in place of $sd. 

The book is very teachable, and taken altogether is a marked 
improvement over the usual text. 


F. W. Owens. 


First Course in Algebra. By H. E. Hawkes, W. A. Lupsy, and 

F. C. Touron. Ginn and Company. vii+334 pp. 

THE purpose of the authors as stated in the preface, namely, 
“to build up a text book thoroughly modern, scientifically 
exact, teachable and suited to the needs and to the ability of 
the boy and girl of fourteen,” has been in a large measure ac- 
complished. The topics and problems, with a few exceptions 
which will be noted later, seem to have been chosen with ex- 
cellent judgment. The idea of reasoning with symbols instead 
of numbers is introduced gradually but insistently; transposition 
is explained. by means of addition and subtraction and the 
student is taught the actual use of equations before the term 
equation is defined at all. The lists of examples in factor- 
ing, in linear and quadratic equations, and several other topics, 
are sufficiently varied and extensive to give the student 
a thorough drill in elementary mathematical reasoning and 
manipulation. The authors have made good their intention 
as stated in the preface to use clear and exact English through- 
out the book. ‘Typographical errors are few, but we have noted 
the following: on page 139, line 5, read fraction instead of 
fractions; replace 3 by )/3 in the answer to example 1, page 321. 
We would suggest the use of the word may instead of should in 
line 7, page 211. The sentence beginning in line 6, page 262, 
is spoiled somewhat by the presence of the two words graph 
and figure. It would seem better to use a capital G in the last 
word on page 263, and similarly in example 18, page 264. One 
might question the value of asking in example 21, page 322, 
for a proof that the product of conjugate imaginary numbers is 
real, after conjugates have been defined on the preceding page 
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as imaginaries whose product is real. Well-founded objection 
might be made to examples 9, 10, and 11 on page 212. They 
involve a principle of physics with which the first-year algebra 
student will quite certainly be unfamiliar. The force of this 
objection depends of course on the degree to which we wish to 
encourage the student to accept principles or facts on a merely 
plausible explanation, which is probably all that would ever be 
given in class. The authors have in a number of cases intro- 
duced principles quite beyond the province of the book to 
discuss and have then built problems on these principles. 
While this is a matter on which there may be room for argu- 
ment, it is the reviewer’s opinion that there is no such dearth 
of desirable material for problems for the first year’s work in 
algebra that one need bring in totally strange ideas from physics 
and geometry in order to have plenty. The subject of graphs 
is emphasized to a degree that makes certain parts of the book 
resemble an intuitional analytic geometry. The proof that 
a straight line may be defined by an equation of the first degree 
is not too difficult for the student after a very brief study of 
plane geometry. Until he is prepared for some such proof 
would it not be wiser to let the graph alone? We feel that 
when the student is beginning a subject that is essentially logic- 
al, all unnecessary appeals to his intuition should be avoided. 
J. V. McKELvey. 


CORRECTIONS. 


On page 66 of the current volume of the BULLETIN the writer 
gave the following theorem: 
If on the interval ab 


= f(a), 
U(x) (i = 0, ---, 0) and f(x) being continuous on the interval 


ab, then in order that >- U,(z) shall be uniformly convergent 


n=0 
on the interval ab it is necessary and sufficient that for any 
x; on ab, any arbitrary number 6 (however small), and any 
arbitrary integer N there is an integer N’(i, 6, N) greater than 
N, which satisfies the following condition: 
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On the interval x; — 6, 2; + 6 there is a value 2; of x such 
that for every Ni’ > N’(i, 6, N) 
| 8, N) | | 
| U,(2i) — f(z) |= | U,(x) — f(z) 
n= | n= 
for every value of x on the interval 2; — 6, x; + 6 which also 
lies on ab. 

In its present form this theorem is incorrect so far as it re- 
lates to a sufficient condition. The error consists in making 
N; depend on 6. Instead we must require that an N; exists 
such that for any 6 subsequently chosen the conditions given 
shall hold. In giving the proof of the sufficiency of the con- 
dition this is the form in which the hypothesis was used. 

However the condition as modified is not necessary. 
Hence we have failed to obtain a necessary and sufficient con- 
dition. The theorem as stated in its original form gives a 
necessary condition, while the amended form gives a sufficient 
condition. Professor Osgood very kindly called the writer’s 
attention to this error. 

N. J. LENNEs. 


In my paper on “Invariant conditions that a p-ary form 
may have multiple linear factors” in the BULLETIN, volume 17, 
No. 9 (June, 1911) the condition R3;=0 in equations (7), page 
455, should be replaced by R;’ =0, where R;’ is the resultant of 
Xo"h1z,2, and the greatest common divisor (linear) of 22°¢o2,/z, 
and 


O. E. GLENN. 


Tue following typographical corrections should be made in 
my review of Holton’s Shop Mathematics, in the December 
number of the BULLETIN: 

Page 138, footnote. For Warnier read Warner. 

Page 140. In the formulas Pi=z/P, P=16, N=DP cos Y, 
for P read p. 


C. N. 


NOTES. 


At the annual meeting of the London mathematical society 
held on November 9 the following papers were read: By J. E. 
CaMPBELL, “The invariants of the linear partial differential 
equation of the second order, having two independent vari- 
ables”; by H. Hizton, “On invariants of a canonical substi- 
tution”; by C. T. Bennett, “The system of lines on a cubic 
surface”; by G. H. Harpy and J. E. Lrrrtewoop, “The re- 
lations between Borel’s and Cesaro’s methods of summation”; 
by W. P. Mitneg, “A method of establishing the 27-line con- 
figuration on a cubic surface”; by H. Bateman, “ Mathematical 
analogues of mental phenomena.” 


At the meeting of the Edinburgh Mathematical Society on 
November 10, the following papers were read: By W. P. Minne, 
“The system of cubic curves circumscribing two triangles and 
apolar to them”; by W. P. Mitne, “An easy geometrical 
representation of the sextic covariant of a binary quartic”; 
by T. Hucu Mixer, “On the numerical calculation of natural 
logarithms.” 

At the meeting of December 8 the following papers were read: 
By Witu1aM Peppre: “The mechanical solution of an n-ic equa- 
tion, and exhibition of a model for the determination of the 
roots of a cubic; by D. M. Y. SomMERvILLE: “ Einstein’s prin- 
ciple of relativity in its kinematical aspect” and “ Note on 
Legendre’s and Bertrand’s proofs of the parallel postulate by 
infinite areas.” 

The officers of the society for the year 1911-1912 are: pres- 
ident, D. M. Y. SomMERVILLE; vice-president, A. G. BuRGEss; 
secretary, PETER COWRIE. 


Tue first congress of Russian professors of mathematics will 
be held at St. Petersburg January 9-16, 1912. 


A NEw journal, entitled the “Vector,” has been established 
at Warsaw. It will be devoted to mathematical and physical 
science in general and especially to questions of method and 
pedagogy. 


Tue publishing house of Gauthier-Villars in Paris announces 
the following mathematical works in press: Works of Hermite, 
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volume 3; Works of Laplace, volume 14; Stoffaes, Course 
in higher mathematics, volume 2, curves and surfaces and dif- 
ferential equations. Five further volumes in the Borel series 
of monographs on the theory of functions, volume 3 of Goursat’s 
Cour d’analyse and volume 4 of Picard’s Traité are nearly 
ready for the press. 


THE seventh edition of the catalogue of mathematical models 
has just appeared from the firm of Martin Schilling, Leipzig. 
It is arranged in ‘two parts, the first giving descriptions of the 
several series of models and a scientific explanation of each, the 
second containing an illustrated price catalogue arranged ac- 
cording to subject matter. The catalogue occupies 172 pages, 
and contains descriptions of 377 models in stock. 

The two latest additions are an apparatus for generating a 
hyperboloid of revolution by turning one line about another 
skew to it, by Professor K. DoEHLEMANN, of the University of 
Munich, and a plaster model of a surface of constant latitude, 
by Dr. E. MEIssner of the technical school at Ziirich. 


TuE publication of an Introduction to the Lie theory of one- 
parameter groups, with applications to the solution of differen- 
tial equations, by Dr. A. ConHEN, of John Hopkins University, 
is announced by D. C. Heath and Company. 


Tue Jean Reynaud prize of ten thousand francs, awarded 
by the Paris academy of sciences every five years, has been 
bestowed this year on Professor EmiLe Picarp, for his con- 
tributions to mathematics. 


At the annual meeting of the Royal society of London held 
in November a royal medal was awarded to Professor GEORGE 
CurystaL, of the University of Edinburgh, for his researches 
in mathematics and physics, and a Copley medal was awarded 
to Professor Sir G. H. Darwiy, of the University of Cambridge, 
for his contributions to the theory of astronomical evolution. 


Proressor E. W. Hopson, of the University of Cambridge, 
has been elected a member of the academy of sciences of Halle. 


At the University of Liége M. J. Dervuyts has been 
appointed professor of analysis and M. E. Farron professor of 
geometry, algebra, and methodology. 


Dr. TrayNarD, of the University of Lille, has been 
appointed professor of differential and integra! calculus at the 
University of Besancon. 
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Dr. Mattuet has been appointed professor of mathematics 
and mechanics at the Ecole des ponts et chaussées at Paris. 


TueE College entrance examination board has appointed two 
groups of examiners in mathematics for 1912. The first will 
prepare the questions in algebra, and is composed of H. E. 
Hawkes, chairman, C. R. MacInnes, and W. A. FRAnNctIs; 
the second, composed of V. Snyper, chairman, P. F. Smrru, 
and J. T. Rorer, is to prepare the questions in geometry and 
trigonometry. 


At the University of Washington, Mr. G. I. Gaverr has 
been promoted to an assistant professorship of mathematics. 
Miss A. D. BrppLe and Mr. Jonn Wuirmore have been ap- 
pointed instructors in mathematics. 


Mr. J. S. Lockner, of Lehigh University, has been appointed 
instructor in mathematics at the Case school of applied science 


at Cleveland, Ohio. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


ArmBrecHT (A.). Zum grossen Fermatschen Satz! 2te, verbesserte 
Auflage. Dresden, Kohler, 1911. S8vo. 4 pp. M. 0.50 


Bonota (R.). Non-Euclidean geometry. A critical and historical study 
of its development. Authorized English translation, with additional 
appendices, by H. 8.Carslaw. Chicago, Open Court Pub. Co., 1911. 
10+258 pp. 


Borcuino (G. N.). Metodo generale di estrazione delle radici e di so- 
luzione delle equazioni, con numerose tavole per l’estrazione delle 
radici e la soluzione delle equazioni fino al 10° grado. Introduzione 
alla logica matematica. Torino, Paravia, 1911. 8vo. 192 PP. ale 


Borro (A.). Soluzione geometrica del problema relativo alla duplicazione 
del cubo. Torino, Paravia, 1911. 8vo. 13 pp. 


Bromwicu (T. J. I’a). Elementary integrals. London, Macmillan, 1911. 
8vo. Sewed. Is. 


Burati-Forti (C.). Sopra una formola generale per la trasformazione di 
integrali di omografie vettoriali. (Nota.) Torino, Bona, 1911. 
8vo. 23 pp. 

Catecari (A.). Brevi nozioni di calcolo infinitesimale. Livorno, Giusti, 
1911. 16mo. 139 pp. L. 2.00 


Carstaw (H.S.). See Bonoua (R.). 
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ENcYCLOPEDIE des sciences maotinirmationiy, pures et appliquées. Edition 
francaise. Tome I, volume 4: Statistique, assurances, économie 
politique. Fascicule 4. Leipzig, Teubner, 1911. 8vo. pp. os 

. 6.00 


Enver (A.) Die konformen Raumtransformationen. iter Teil. (Progr.) 
Waidhofen, 1911. 


Evert (L.). Opera omnia. Sub auspiciis societatis scientarium natura- 
lium helvetice edenda curaverunt F. Rudio, A. Krazer, P. Stackel. 
Series III: Opera physica, miscellanea, epistolz. Vol. III, Pars 1: 
Dioptrica. Ed. Emil Cherbuliez. Vol. 1: Continens librum primum, 
libri secundi sectionem primam et secundam. Leipzig, Teubner, 1911. 
8vo. 510 pp. M. 24, 


Frankt (M. W.). Der Verhiltniskalkil. Ein Beitrag zur logischen 
und zur Gegenstandstheorie. (Progr.) 1911. 8vo. 
pp 


Fucus (C. A.). Die Aehnlichkeitsbeziehungen zweier und mehrerer 
Kreise. (Progr.) Komotan, 1911. 8vo. 23 pp. 


GiwAty (R.). Die Hauptmethoden der Konstruktion einer Fliche zweiter 
Ordnung aus neun gegebenen Punkten. (Progr.) Wiener-Neustadt, 
1911. 8vo. 40 pp. 


Gudser (K.). Ebene Katakausten. (Progr.) Linz, 1911. 8vo. 7 pp. 


GrinsBercer (E.). Das Schnittwinkelproblem dreier Kreise. (Progr.) 
Plan, 1911. 8vo. 9 pp. 


GRUNERT ). Beitrige zur Theorie der Bewegungen und Umlegungen 
im Raum. (Diss.) K6nigsberg, 1911. 8vo. 46 pp. 


Himmerte (H.). Die Stirlingsche Formel. (Progr.) Krems, 1911. 
8vo. 20 pp. 


Havpr (O.). Untersuchungen iiber Oszillations-theoreme. (Diss.) Wiirz- 
burg, 1911. 8vo. 50 pp. 


Hecxet (J.). Uber trigonometrische Reihen. (Progr.) Reichenberg, 
1911. 8vo. 31 pp. 


HENDERSON (A.). The twenty-seven lines upon the cubic surface. Lon- 
don, Cambridge University Press, 1911. 8vo. 108 pp. 4s. 6d 


Herz (N.). Philosophische Konzeption und mathematische Analyse in 
der Weltbetrachtung. Bologna, Zanichelli, 1911. 8vo. 32 pp. 


Houz (R.). Uber die Bestimmung der Schnittpunkte von Geraden und 
Kegelschnitten. (Zyklographische Grundgedanken.) (Progr.) Tep- 
litz-Schénau, 1911. 8vo. 8 pp. 


Janxcutz (L.). Uber die in zwei Kegelschnitte zerfallende Durchdring- 
ungskurve zweier Flachen zweiten Grades. (Progr.) Klagenfurt, 
1911. 8vo. 16 pp. 


Linpsore (G.). Elementerna af derivatkalkylen jamte 
Uppsala, Appelberg, 1910. 8vo. 4+68 pp. Kr. 2.00 


Lussan (F.). Essai de démonstration générale du théoréme de Fermat. 
Paris, Gauthier-Villars, 1911. 
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Meticnar (P. J.). Uréeni geom. mista pélu fezu svazku plochy 2 st. 
vzhledem ku svazku paprskovému. (Progr.) Kromefizi, 1911. 
8vo. 6 pp. 


Mice (L.). Condizioni di divisibilita di un numero N per un numero a, 
scritti nel sistema di numerazione indo-arabica. Matera, Conti, 1911. 
8vo. 8 pp. 


Mitiar (W. J.). Inledning till differential- och integralkalkylen med 
exempel pa dess anvendning inom mekaniken. Oversat fran 8e en- 
gelska upplaga av E. Johnson. Stockholm, Norstedt, 1911. 8vo. 
71 pp. Kr. 1.90 


Mine (J. J.). An elementary treatise on cross ratio geometry, with 
historical notes. London, Cambridge University Press, 1911. 8vo. 
312 pp. 6s. 


Miuuenpycx (O.). Klassifikation der regelmissig symmetrischen 
Flaichen fiinfter Ordnung. (Diss.) Géttingen, 1911. 8vo. 60 pp. 


OnprRAczEK (H.). Der Dirichlet’sche Satz tiber die linearen Funktionen im 
Zahlenkérper der Determinante “+5.” (Progr.) Wien, 1911. 
8vo. 45 pp. 


Person (K.). Die invarianten Gebilde erster Ordnung bei projektiven 
Transformationen der Ebene und des Raumes mit Anwendung auf die 
Klassifikation der eingliedrigen, projektiven Gruppen der Ebene und 
des Raumes. (Diss.) Heidelberg, 1911. 8vo. 45 pp. 


Prezzo (P. Det). Principi di geometria proiettiva: lezioni dettate nell’ 
universita di Napoli nell’ anno 1910-1911. Napoli, Alvano, 1911. 
8vo. 360 pp. 

Porncaré (H.). Calcul des probabilités. Rédaction de A. Quiquet. 
2e édition. Paris, Gauthier-Villars, 1912. S8vo. 340pp. Fr. 12.00 


RasakowltTscH (J.). Elemente der Funktionenlehre. (Fortsetzung.) 
Geschrieben fiir Schiller. (Progr.) Triest, 1911. 8vo. 13 pp. 


Ranucci (D. N.). Risoluzione dell’ equazione z*— Ay* = +1, con una 
nuova dimostrazione dell’ ultimo teorema di Fermat. Roma, Ponti- 
ficia, 1911. 8vo. 22 pp. L. 2.00 


Rutr (F.). Behandlung des Pliickerschen Konoides auf Grund einer 
neuen Definition. (Progr.) Wien, 1911. 8vo. 18 pp. 


Scumipt (J.). Der Infinitesimalkalkiil. (Progr.) Wien, 1911. 8vo. 
28 pp. 


Scuwacua (P. B.). Uber die Existenz und Anzahl der Wurzeln der 


Kongruenz =0 (mod m). (Progr.) Wilhering, 1911. 8vo. 
i=0 


30 pp. 


Sraut (H.). Abriss einer Theorie der algebraischen Funktionen einer 
Veriinderlichen in neuer Fassung. Nachgelassene Schrift in Ver- 
bindung mit E. Léffler herausgegeben von M. Noether. Leipzig, 
Teubner, 1911. 8vo. 4+103 pp. M. 5.00 


| 
n 


1912.] NEW PUBLICATIONS. 207 


Srupy (E.). Vorlesungen iiber ausgewihlte Gegenstande der Geometrie. 
Erstes Heft: Ebene analytische Kurven und zu ihnen eames ~~, 
ungen. Leipzig, Teubner, 1911. 8vo. 4+126 pp. 4.80 


Tiersco (W.). Ein elementarer Beweis des Fermatschen Satzes. Butt- 
stadt i. Th., 1911. 


Toisout (J.). Particularités utiles et intéressantes sur les nombres et 
leurs combinaisons. Namur, Lambert-DeRoisin, 1911. _16mo. 
103 pp. Fr. 1.20 


II. ELEMENTARY MATHEMATICS. 


ANDOYER (H.). Nouvelles tables trigonométriques fondamentales contenant 
les logarithmes des lignes trigonométriques de centiéme en centiéme du 
—— avec dix-sept décimales, de neuf en neuf minutes avec quinze 

écimales, et de dix en dix secondes avec quatorze décimales. Paris, 
Hermann, 1911. 4to. 32 +604 pp. Fr. 30.00 


Bares (E. L.) and Cuartesworts (F.). Practical mathematics and 
geometry. Part III: Advanced Course. London, Batsford, 1911. 
8vo. 338 pp. 3s. 


Brumey (A. G.). Key to elementary practical geometry. (Normal 
Tutorial series.) London, Normal Press, 1911. 8vo. Sewed. Is. 


Casori (F.). Notes on the history of geometry and algebra. Boston, 
Heath, 1911. 8vo. 25 pp. 


Casari (F.). Aritmetica, oo, computisteria: esercizi, problemi e 
nozioni, per il corso popolare delle scuole elementari, classe sesta. 
Milano, Signorelli, 1911. 16mo. 187 pp. L. 1.00. 


Cuampion (H. H.) and Lane (J. > C.). A school geometry. London, 
Rivingtons, 1911. 8vo. 296 p 3s. 6d. 


CHARLESWORTH (F.). See BaTEs a L.). 


CHENARD (H.). Géométrie. Pour les écoles pratiques d’industrie et sec- 
tions industrielles (lre année). Paris, Delagrave, 1910. 18mo. 303 pp. 


ComBeEroussE (C. DE). Cours de mathématiques 4 l’usage des candidats 
4 l’Ecole polytechnique, etc. 5e édition, revue et augmentée. Tome 
ler, 2e partie; algébre élémentaire. Paris, Gauthier-Villars, 1911. 
8vo. 295 pp. Fr. 6.00 


CommissatrE (H.). Lecons d’algébre et de trigonométrie conformes 
aux programmes du 27 juillet 1906. (Classes de mathématiques A 
et B.) Paris, Masson, 1911. 8vo. 6+590+9 pp. Fr. 7.00 


Crantz (P.). Arithmetik und Algebra zum Selbstunterricht. 2ter 
Teil. 2te Auflage. (Aus Natur und Geisteswelt. Sammlung wis- 
senschaftlich-gemeinverstindliche Darstellungen. Nr. 205.) Leipzig, 
Teubner, 1911. 8vo. 4+124pp. Cloth. . 1.25 


Crosara (L.). Trattato di ae piana ad uso delle scuole tecniche 
enormali. 2a edizione. 8vo. 160 pp. L. 2.00 


Deuitie (A.). Eléments de géométrie. Théorémes et problémes pro- 
posés comme exercices d’application dans les Eléments de Legendre 
revus par A. Cambier. Démonstrations et solutions par Delille. 
4e partie: Géométrie solide. Livres V 4 VIII. Deuxiéme édition 
corrigée et augmentée. Bruxelles, De Boeck, 1911. 8vo. Lay 9 

r. 5. 
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Dents-Guipert (H.). Etude sur les cinquante pas géométriques dans 
nos colonies. Mayenne, Colin, 1911. 8vo. 140 pp. 


Dietscu (C.). See Srevert (H.). 


Ecxnarpt (E.). Eléments de trigonométri2 rectiligne. Hoogstraeten, 
Van Hoof-Roelaus, 1904. 8vo. 35 pp. Fr. 0.50 


Focke und Kratz (M.). Lehrbuch der ebenen Trigonometrie nebst den 
Grundziigen der sphirischen Trigonometrie zum Gebrauche an Gym- 
nasien, Realgymnasien, Oberrealschulen, und anderen héheren Lehr- 
anstalten. 12te, verbesserte Auflage, besorgt von I. Linneborn. 
Miinster, Universitits-Buchhandlung, 1911. S8vo. 4+90 pp. 

M. 1.80 


Fossatr (L.). Piceola guida pratica di aritmetica, geometria e com- 
putisteria, ad uso delle classi 3a, 4a, 5a e 6a elementari. Palermo, 
Sandron, 1911. 16mo. 206 pp. L. 1.25 


Frattini (G.). Lezioni di algebra, geometria e trigonometria, con molti 
esempi, ad uso degli istituti tecnici. Svo. 207 pp. L. 4.00 


GerrpeL (G.) und Hecut (C.). Mathematisches Lehrbuch fiir héhere 
weibliche Bildungsanstalten. Lehrbuch der Mathematik und Auf- 
gabensammlung. Bearbeitet von G. Geipel. Bielefeld, Velhagen 
und Klasing, 1911. 8vo. 4+137 pp. Cloth. M. 1.80 


Genav (A.) und Kroémexe (J.). Geometrie fiir das Lyzeum und die 
gymnasialen Kurse der Miadchenbildungsanstalten. Im Anschluss 
an die Raumlehre fiir Lehrerinnenbildungsanstalten und héhere 
Madchenschulen von A. Genau. Leipzig, Reisland, 1911. 8vo. 
8+167 pp. Cloth. M. 2.00 

Girnpt (M.). Raumlehre, I. (Der Unterricht an Baugewerkschulen, 
20.) 4te, neu bearbeitete Auflage. Leipzig, Teubner, 1911. M. 1.80 

Grévy (A.). Géométrie plane, conforme au programme du 27 juillét 
1905 4 l’usage des éléves du ler cycle A (classes de quatriéme A et 
troisiéme A.) Paris, Vuibert, 1912. 16mo. 8-+283 pp. 

Hacstrom (K.L.). Matematiska uppzifter i studentexamen fér latingym- 


nasiet med anvisningar och svar. Linképing, Carlson, 1911. 8vo. 
16 pp. Kr. 0.25 


Hatstep (G. B.). Géométrie rationelle. Traité élémentaire de la science 
de lespace. Traduction frangaise par P. Barbarin. Paris, Gauthier- 
Villars, 1911. 8vo. 3+301 pp. Fr. 6.50 


Hecut (C.). See Gerpen (G.). 


Hepstr6mM (J. S.) och Renpant (C.). Trigonometri fér laroverken. 
Stockholm, Bonnier, 1911. S8vo. 6+121 pp. Kr. 2.50 


KomMERELL (B.) und Kommeretyi (K.). Analytische Geometrie. Fiir 
den Schulgebrauch bearbeitet. Iter Teil. Tiibingen, Laupp, 1911. 
8vo. 8+192 pp. M. 2.40 


Kratz (M.). See Focke. 
Kr6MEcKE (J.). See Genau (A.). 


LA&ropok i rikning och geometri for armén. II: Algebra och geometri. 
Stockholm, Norstedt, 1910. 8vo. 62+61 pp. Kr. 1.25 
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(J. A. C.). See Cuamprion (H. H.). 
Lesser (O.). See Scuwas (K.). 
Link (T.). See (M.). 


MANUEL d’algébre et de trigonométrie, par une réunion de professeurs. 
Paris, Poussielgue, 1911. 18mo. 8+216 pp. 


MarTELLo (D.). Esercizt di aritmetica e geometria, - la quarta classe 
elementare. Milano, Nugoli 1911. 16mo. 160 p . 0.80 


(W.). Lésungen zu Aufgaben aus der Analysis, 
nach J. Lieblein bearbeitet. (Fortsetzung.) Niirnberg, Korn. 1911. 
8vo. 3+59 pp. M. 2.00 


(K.) und Rijsewatp (K.). Lehr- und Ubungsbuch der 
Mathematik fiir héhere Midchenschulen. Auf Grund der neuen 
Lehrpliine bearbeitet. 4tes Heft. Klasse 1. Leipzig, Quelle und 
Meyer, 1911. 8vo. 4+80 pp. M. 1. 


MoraweEtz (J.). Vierstellige logarithmische und trigonometrische Tafeln, 
nebst einigen Hilfstafeln. Zum Schulgebrauch herausgegeben. 
Leipzig, Freytag, 1911. 8vo. 52 pp. M. 0.80 


Orro (F.), Perri (W.) and Zrecter (J.). Mathematik fiir Lyzeen. 
2ter Teil. Leipzig, Hirt und Sohn, 1911. 8vo. 6+167 pp. sat 


Perstani (O.). Elementi di geometria, compilati ad uso della quarta 
ginnasiale. Terza edizione, con notevoli aggiunte e modificazioni. 
Roma, Pontificia, 1911. 16mo. 102 pp. L. 0.80 


Petri (W.). See Orro (F.). 


Porta (F.). I complementi di matematica per l’ammissione alla reale 
accademia militare e alla reale accademia navale. 5a edizione. S8vo. 
295 pp. L. 5.00 


RENDAHL (C.). See Hepstr6ém (J. S.). 


Runequist (N. F.). Repetitionskurs i analytisk geometri. Malmé, 
Envall, 1911. 8vo. 4+86 pp. Kr. 1.50 


Scumeut (C.). Lehrbuch der ebenen Trigonometrie fiir héhere Lehran- 
stalten. Giessen, Roth, 1911. 8vo. 6+152 pp. M. 2.50 


ScHNneIDeER (J.). Geometrie leicht gemacht! Ein Lehr- und Ubungsbuch 
der Geometrie. Bamberg, Buchner, 1911. 8vo. 113 pp.. M. 1.80 


Scuwas (K.) and Lesser (O.). Mathematisches Unterrichtswerk zum 
Gebrauche an den héheren Lehranstal!ten fiir die weibliche Jugend. 
Bearbeitet von M. Linnich. Leipzig, Freytag, 1911. 8vo. 228 pp. 
Cloth. M. 3.00 


Srevert (H.) und Dietscn (C.). Lehrbuch der Elementar-Geometrie 
zum Gebrauche an Mittelschulen und beim Selbstunterrichte. iter 
Teil. 1te Abteilung: Geometrie der Ebene. 5te Auflage. Leipzig, 
Diechert, 1912. 8vo. 6+183 pp. M. 2.40 
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—— Lehrbuch der Elementar-Geometrie zum Gebrauche an Mittel- 
schulen und beim Selbstunterrichte. lter Teil. 2te Abteilung: 
Geometrie des Raumes. 3te Auflage. Leipzig, Diechert, 1912. 
8vo. 6+183 pp. M. 2.40 


Sron (M.). Raumlehre fiir Mittelschulen. 7te Auflage, neu bearbeitet 
von W. Wilke. Leipzig, Hirt und Sohn,1911. 8vo. 190 pp. Half- 
cloth. M. 2.00 


SoLutions des exercices et problémes du cours supérieur de géométrie; 
par une réunion de professeurs. Paris, Poussielgue, 1911. 16mo. 
6+433 pp. 


Srerneck (R. v.). Der mathematische Unterricht an. den Universitaten: 
(Berichte iiber den mathematischen Unterricht in Osterreich. Veran- 
lasst durch die internationale mathematische Unterrichtskommission. 
7tes Heft.) Wien, Hélder, 1911. 8vo. 6+50 pp. M. 1. 


Svensson (E. B.). Fuldstindiga lésningar och svar till de algebraiska 
studentuppgifterna pa reallinjen. 1896-1910. Stockholm, Bergvall, 
1910. 8vo. 168 pp. Kr. 3.00 


UnTERRICHT, Der mathematische, in Schweden. Berichte der schwedi- 
schen Abteilung der internationalen mathematischen Unterrichts- 
kommission. Herausgegeben von H. v. Koch und E. Géransson. 
Stockholm, Fritze, 1911. 8vo. 7+215 pp. M. 3.40 


VotitKomMER (M.) and Linx (T.). Geometrie fiir héhere Méadchen- 
schulen. Iter Teil. Niirnberg, F. Korn, 1911. 8vo. <7 pp. 


We ts (W.). Complete trigonometry. Revised edition. With tables. 
Boston, Heath, 1911. 6+163+9+23 pp. $1.08 


ZAREMBA (S.). Bericht iiber die speziellen Verhiltnisse des 6ffentlichen 
Mathematik-Unterrichtes an den Volks- und Mittelschulen Galiziens. 
Unter Mitwirkung einer Reihe von Fachgenossen. (Berichte iiber 
den mathematischen Unterricht in Osterreich. Veranlasst durch 
die internationale mathematische Unterrichtskommission. 8tes 
Heft.) Wien, Hélder, 1911. 8vo. 5+25 pp. M. 1.20 


ZIEGLER (J.).. See Orro (F.). 


Ill. APPLIED MATHEMATICS. 


Bacu (C.) Elastizitét und Festigkeit. 6te, vermehrte Auflage. Unter 
Mitwirkung von R. Baumann. Berlin, Springer, 1911. aan 
M. 20.00 


BrrveEN (H.). Calcul et construction des alternateurs mono- et polyphasés. 
Traduit de l’Allemand par P. Dufour. Paris, Gauthier-Villars, 1911. 
8vo. 184 pp. Fr. 6.00 


BoruezaT (G. DE). Etude de lastabilité de l’aéroplane. (Thése.) Avec 
une préface de P. Painlevé. Paris, Gauthier-Villars, 1911. 8vo. 
198 pp. Fr. 10.00 


Darwin (Str G. H.). Scientific papers. Volume IV: Periodic orbits and 
miscellaneous papers. London, Cambridge University Press, 1911. 
15s. 
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Denico.ini (V. E.). Della meccanica celeste. (Memoria.) Alessandria, 
Societa poligrafica, 1911. 8vo. 37 pp. 


Dur.ey (R. J.). Kinematics of machines. London, Chapman & Hall, 
1911. 17s. 


Fourquet (J.). Eléments de géométrie descriptive appliquée au dessin 
et 4 la construction. Tome ler: Modélerie, forge, ajustage. A 
Yusage des écoles pratiques d’industrie, des écoles nationales profes- 
sionelles, des cours d’apprentisage, des écoles primaires, superieures, 
ete. Lille, Janny, 1912. S8vo. 148 pp. 


FreytaG (L.). Gesetzmissigkeiten in der Statik des Vierendeeltrigers. 
Miinchen, Oldenbourg, 1911. M. 1.60 


Furser. See Miter (E.). 
GueErsy (E.). See Rovusier (G.). 
Harpy (W.). See Husspanp (J.). 


Hussanp (J.) and Harpy (W.). Structural engineering. New York, 
Longmans, 1911. 8vo. 11+396 pp. $2.60 


INTERMEDIATE applied mathematics papers. From 1902 to 1911. (Univ- 
ersity Tutorial Series.) London, Clive, 1911. 8vo. 84 pp. a 
2s. 6d. 


Jeans (J. H.). The mathematical theory of electricity and magrietism. 
2d edition. London, Cambridge University Press, 1911. 8vo. 
592 pp. 15s. 


KaraPetorr (V.). The magnetic circuit; a treatise on the theoretical 
elements necessary to a correct understanding of the performances 
of dynamo-electric machinery. New York, McGraw-Hill, 1911. 
8vo. 272 pp. $2.00 


Lanza (G.). Dynamics of machinery. ‘sew York, Wiley, 1911. Hap 
2.50 


5+246 pp. 
Love (A. E. H.). Some problems of geodynamics. London, Cambridge 
University Press, 1911. 8vo. 208 pp. 12s. 


Marsure (E.). Frame structures and girders. Volume I: Stresses. 
Part I. New York, McGraw-Hill, 1911. 8vo. 540 pp. $4.00 


Matter (P. E.). Die Symmetrie der gerichteten Gréssen, besonders der 
Kristalle. (Fortsetzung.) (Progr.) Seitenstetten, 1911. S8vo. 56+6 
pp. 

MesnNeER (M.). Die Unterrichtspraxis der Fortbildungschule. 11: Pro- 


jektionslehre und Linearzeichnen, bearbeitet von H. Dillman. Leip- 
zig, A. Hahn, 1911. 8vo. 116 pp. Cloth. M. 1.20 


Mences (K.). Drehende Schwingungen eines Hohlzylinders in einer 
zihen Flissigkeit. (Diss.) Giessen, 1911. S8vo. 23 pp. 


Merriman (M.). American civil engineers’ pocketbook. New York, 
Van Nostrand, 1911. 1388 pp. Leather. $5.00 


Miter (E.), Furser, and others. Problems in thermodynamics and 
heat engineering. New York, Wiley, 1911. 8vo. 72 pp. Paper. 
$0.75 
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Neurvu (S.). Uberdie Strémung von Gasen durch Roéhren und den Wider- 
stand kleiner Kugeln und Zylinder in bewegten Gasen. (Diss.) Heidel- 
berg, 1911. 8vo. 70 pp. 


Nucent (P.C.). Plane surveying, a text and reference book for the use 
of students in engineering and for engineers generally. 3d edition, 
revised. New York, Wiley, 1911. 8vo. 22+599 pp. $3.50 


PoussarT (A.). Traité élémentaire de mécanique . Mécanique théorique 
et mécanismes. Paris, Garnier, 1911. 18mo. 3+ pp. 


Putrricu (C.). Stereoskopisches Sehen und Messen. Jena, 


RaNnKINE (W. J. M.). A manual of civil engineering. 24th edition. 
any revised by W. J. Millar. London, Griffin, 1911. re 
pp. 


Reicu (E.). Vierendeeltrager mit parallelen Girtungen. Graphische 
Ermittlung der Einflusslinien mit Hilfe eines einzigen Seilpolygones. 
Wien, v. Waldheim, 1911. - 1.30 


Ric (A.). Kometen und Elektronen. Deutsch von M. Iklé. Leipzig, 
Akademische Verlagsgesellschaft, 1911. M. 1.50 


Ross (A. A.). Optical geometry of motion. A new view of the theory 
of relativity. London, Heffer, 1911. 8vo. 36 pp. Sewed. Is. 
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